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An inductive, pattern-sensitive Bayesian logic (BL) is proposed as a normative and descriptive model for
probability judgments about hypotheses involving probabilistic logical connectives. The model explains a
specific class of frequency-based conjunction fallacies (CFs). It is suggested that the pattern probabilities
calculated by BL may serve as a criterion of noisy-logical predication, resolving some paradoxes of
predication. The model is developed for frequency information in 2 x 2 contingency tables. According
to standard probability theory, a violation of the conjunction rule, P(A) > P(A A B) (e.g., P(ravens
are black) > P(ravens are black AND they can fly)), is always a fallacy. A frequentist interpretation
of probability has exculpated participants from committing CFs when one is concerned with single
events. Here a pattern-based Bayesian interpretation of probabilities of (noisy) dyadic logical predications
is elaborated, predicting frequency-based but rational ‘CFs’. BL formalizes the probabilities of logical
patterns, integrating over noise levels. BL, for instance, predicts double CFs, differential sample-size
effects, and pattern sensitivity. Three experiments provide a first corroboration that BL s also an adequate
empirical model to predict logical probability judgments based on 2 x 2 contingency tables. BL may shed

light on the more general rationality debate.
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1. Introduction

Since Aristotle, the ability to reason in accordance with the laws
of the crystalline machinery of formal logic has been central to
the idea that humans are rational animals. Nonetheless, systematic
deviations from the norms of logic have been found, which has
led researchers to suggest a probabilistic approach to human
reasoning (e.g., Oaksford & Chater, 2007). Clearly, uncertainty
is a ubiquitous and ineradicable aspect of empirical knowledge,
whether one is concerned with diagnosing diseases, making legal
judgments, or estimating the underlying characteristics of a person
in order to predict future behavior. Intuitions about probability,
however, have also been shown to deviate radically from the
norms of the standard probability calculus (e.g., Gilovich, Griffin, &
Kahneman, 2002; Nickerson, 2004). This article is concerned with
fundamental problems encountered at the intersection of logical
judgment and probability estimation. How should probabilities be
assigned to nested logical hypotheses (problem of inclusion), so
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that they can serve as criteria for valid logical predication? How can
one account for exceptions in logical prediction (problem of
exceptions)? In particular, the article posits a rational basis for
frequency-based conjunction fallacies, when people aim to access
overall situations in an uncertain world.

The organization of this article is as follows. The first section
begins by introducing the type of task investigated, that is, judging
the most likely logical rule from a set of instances ina 2 x 2
contingency table. The second section gives an outline of problems
or paradoxes arising from frequency-based probabilistic criteria of
adequate predication. It is argued that only pattern probabilities
of noisy-logical rules may provide the needed adequacy criterion
for logical predication to resolve these problems. It is further
suggested that a particular commonsense notion of probability
may roughly correspond to such pattern probabilities of noisy
rules. In the following section, a technical model called Bayesian
logic is presented, formalizing pattern probabilities of logical
connectives integrating over noise levels. This model should apply
to situations concerning overall characterization rather than the
specification of a particular extension or subset. Three experiments
are then presented, to assess several predictions resulting from
the Bayesian logic model, using full frequency information. In the
General Discussion, the main theories of the conjunction fallacy
are addressed, which primarily have been concerned only with
single-event probabilities. It is argued that all major theories of
the conjunction fallacy cannot account for the results, even if they
may in fact be applied to frequency-based contingency-table tasks.
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Table 1
Logical truth tables of three binary logical connectives (conjunction, affirmation,
and inclusive disjunction).

A B AAB A AVB
AandB A (whether B or not B) AorB
T T T T T
T F F T T
F T F F T
F F F F F
Table 2

Observed absolute frequencies x in the four cells a, b, c, d of a contingency table
summarizing the co-variation between two binary events.

B Non-B
A Xq Xp
Non-A Xc Xd

Finally, the results are related to the larger debate on fallacious
probability judgments.

2. Contingencies and the probability of general logical hy-
potheses

This article deals with a seemingly simple kind of frequency-
based probability-judgment task concerning general logical predi-
cations based on data summarized in 2 x 2 contingency tables.

Predication attributes a predicate to a subject. Here we
concentrate on general predication (e.g., “ravens are black”)
concerned with a class X of entities, rather than particular
predication (e.g., “this raven, ‘Hugin,’ is black”). We focus on the
logical relationship between two given predicates A and B of the
same class X (e.g.“are black” and “can fly”). Sentences such as
“ravens are black and they can fly” involve the use of the common
linguistic conjunction “and”, given the class X in question. Such
sentences are often taken to correspond to a logical conjunction
(AoB| X = AAB | X; the symbol “o” here refers to an unspecified
logical connective). Likewise, other ordinary language terms are
often taken to represent connectives of logic: “or” (V), “either or”
(><), “if then” (—), and so forth (see Table 1).

The tasks address the probability of alternative logical predica-
tions that may be nested: the conjunction is for instance included
by the affirmation (see the problem of inclusion). The tasks are
concerned with contingent predications based on induction rather
than on deduction alone (formal predications). Participants obtain
frequency information about the co-occurrence of two attributes
A and B. In the simple tasks, participants are shown the data in a
2 x 2 contingency table (Table 2). Participants judge the probability
of particular hypotheses (rating tasks) or choose the most probable
hypothesis (choice tasks).

A contingency table may, of course, summarize trial-by-
trial data as well. The transparent contingency table format
chosen here, however, allows for the disentangling of effects
of contingency judgment from effects of memory or subjective
representations of frequencies that are intensively studied in
contingency learning tasks (De Houwer & Beckers, 2002; Kruschke,
2008; Pineno & Miller, 2007). Furthermore, the task is concerned
neither with contingency assessment in general nor with the
strength of correlations (Hattori & Oaksford, 2007; Kao &
Wassermann, 1993; McKenzie & Mikkelsen, 2007; White, 2002)
or causal links (Cheng, 1997; Hagmayer, Sloman, Lagnado,
& Waldmann, 2007; Oberauer, Weidenfeld, & Fischer, 2007;
Waldmann, 2007). The task seems in fact to be most closely
related to the intense debate on probability judgments concerning
logically nested hypotheses and so-called “conjunction fallacies”
(e.g., Crupi, Fitelson, & Tentori, 2008; Fisk & Slattery, 2005;
Gigerenzer, 1994, 1996; Hertwig, Benz, & Krauss, 2008; Hintikka,

2004; Kahneman & Frederick, 2005; Lagnado & Shanks, 2002;
Neace, Michaud, Bolling, Deer, & Zecevic, 2008; Nilsson, 2008;
Sides, Osherson, Bonini, & Viale, 2002; Sloman, Over, Slovak, &
Stibel, 2003; Tversky & Kahneman, 1983; Wedell & Moro, 2008).
This paper in fact expounds and tests a model of a specific kind
of conjunction fallacy based on frequency information in a 2 x
2 contingency table. Nevertheless, since the conjunction fallacy
debate has mainly dealt with single-event probabilities, it will be
only addressed in the General Discussion.

3. Paradoxes of predication and the basic idea

How should probability judgments be understood in tasks
such as the ones above? An initial assumption is that the term
“probability” is polysemous (Hertwig & Gigerenzer, 1999; Sloman
& Over, 2003; Teigen, 1994). That is, different goals may require
different formalizations of probability, even if they are all basically
consistent with the axioms of probability (Kolmogorov, 1933).

According to the predominant extensional and frequentist
understanding — here signified by an index (Pz) — probability is
defined as the proportion of confirmative cases (the extension
of a set) relative to all observed cases in a universe of discourse
X. Accordingly, in our example, the probability of the sentence
“ravens are black and they can fly” is the relative frequency of
the event “black & fly” given all previously observed ravens:
Pr(Aand B|X) = f(Aand B)/N, with N being the frequency of all
events in X (all data in this universe of discourse). Extensional
probability is certainly a valid normative account — if one is
interested in the relative frequency of a particular subset alone.
Moreover, at first glance, extensional probability appears coherent
with the common epistemological and communicative goal of
logical predication — i.e., the relaying of valid information about a
given situation. Correspondingly, it has been argued recently that
the traditional logical truth criterion of predication (advocated by
philosophers such as Frege, Russell, Whitehead, Wittgenstein, and
Popper) may need to be replaced by a high-probability criterion in
order to allow for exceptions (Schurz, 2001, 2005; cf. Adams, 1986).
Illustrated formulaically, the predictability of the above sentence
about ravens required that the ratio of events corroborating that
ravens are black and that they can fly is above a given threshold:
Pe(A and B|X) > ¢, with ¢ above 0.5 (normally this is restricted to
only a necessary and not a sufficient criterion).

Although the approach to probabilities developed here shares
the goal of retaining a rational criterion for predication based
on probability, it improves on the extensional realization of this
idea. That is, I propose a technical formalization at a “meta”-
level of the probability of patterns of probability (Pp). It is
posited that this refers to an important but largely neglected
class of intensional human probability judgments. The proposed
model is modeled based on the assumed communicative goal of
providing an overall valid and informative logical description of
underlying propensities, at best in a single sentence. The results
of this formalization are more completely called logical pattern
probabilities (here, Pp(A o B|D)); and their aim is to provide the
probability of underlying noisy-logical explanatory propensities,
given the data.

In what follows, then, extensional probabilities (Pr) and
(logical) pattern probabilities (Pp) are considered in the context of
establishing criteria for adequate predication. It is explained why
standard extensional probabilities encounter three fundamental
problems: the problem of sample size, the problem of inclusion,
and the problem of exceptions. These are discussed because
their existence provides a rationale for the proposed model that
will allow for their simultaneous resolution. I will suggest that
pattern probabilities provide an improved criterion of adequate
predication, and that quite plausibly, actual human probability
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judgments may often approximate logical pattern probabilities as
well. (Noteworthy here: if one is mainly interested in the technical
realization of the model rather than in its rationale, one may wish
to pass over the next sections and proceed directly to the model.)

(1) The problem of sample size. If ten events in X were observed,
and A & B were observed all ten times (here “&” is used to
describe single cell evidences, and “A” to refer to a conjunctive
connective as a whole), the resultant belief in the hypothesis A A B
would of course be stronger than had the observation been made
only once. A direct application of extensional probability (ratio of
confirmative to all cases in X), however, is not sensitive to different
sample size; that is, P (A A B|X) = 1 holds in both situations. This
invites the use of a more refined measure, reflecting probabilities
of probabilities, as suggested above, and shown in the proposed
model.

(2) The problem of inclusion. Using extensional probabilities and
a high probability criterion, a justified predication of, for example,
“ravens are black and they can fly” entailed that one is at least
equally justified to state that “ravens are black OR they can fly
or both” (Pg(B A F|X) < Pg(B Vv F|X)). This obtains, although
the latter predication appears uninformative, if not misleading (cf.
Grice’s principle of co-operation, 1975). Indeed, it is contradictory
to the plausible goal of situation-characterization to use an
uninformative, more general predication (such as a disjunction
or even a tautology). Paradoxically, for any empirical situation
in which one can use an AND-predicate, an extensional high
probability criterion equally entitles us to use any predicate that
is more general.

An extensional account of probability judgments requires that
the probability of a subset never exceeds that of its superset.
Correspondingly, the conjunction rule states that a conjunction “AA
B” is never more probable than either conjunct (“A” or “B”):

Pg(A) > Pe(A A B), P (A A B) < Pg(B). (1)

This rule has been called the most basic and universal law
of probability theory (Kahneman & Frederick, 2002; Tversky &
Kahneman, 1983). Standard inductive logic has used extensional
probabilities, involving this rule (Carnap, 1952; Hempel, 1945;
Reichenbach, 1935; Skyrms, 1986; see also Costello, 2005; Fitelson,
2006). Even non-standard accounts of probability, such as Cohen'’s
Baconian probabilities, Dempster-Shafer belief-functions, and
types of multivalued or fuzzy logic did not deviate from this rule
(Tversky & Kahneman, 1982, p. 90; Hajek, 2001, 2002).

Furthermore, the use of Bayes’ theorem alone does not provide
any cure; for if we continue to use extensional probability, Pz (A A
B|D) < P:(A|D) remains valid (Fisk, 1996). Nor is it sufficient
to interpret probability subjectively as belief, and then to update
the probability of each cell individually; for adding the probability
of one cell to another can only increase — never decrease — the
probability of a union of cells: that is, P; (A A B) + Pz (A A B) merely
yields Pg(A).

The use of subjective pattern probabilities (Pp), in a broad sense,
at least takes us one step further. Pattern A A B and pattern
A may be seen as alternative (not nested) descriptions of an
overall situation. When faced with a single A & B observation
(data D), the likelihood of the connective A A B, understood as an

2 This problem may lie at the core of the paradoxes of implication in the narrower
sense as well (e.g., Evans & Over, 2004). From “ravens are black and they can
fly” it follows logically that the material implication “if ravens are black then
they can fly” holds as well (B A F) < (B — F)) (von Sydow, 2009). Since,
however, the predication of conditionals raises more specific problems due to their
possible counterfactual interpretation (Oberauer et al., 2007; Over, Hadjichristidis,
Evans, Handley, & Sloman, 2007; Stalnaker, 1968), their possible incomplete
representations (Johnson-Laird & Byrne, 2002), or their causal meanings (Hagmayer
et al., 2007; Oberauer et al., 2007; Pearl, 2000; Sloman & Lagnado, 2005), this is
not discussed here. One may alternatively explain the paradoxes of implication by
specific properties of conditionals, but it is incontrovertible that, for example, the
conjunction Y xB(x) AF (x) is included within the disjunction V xB(x) v F (x), although
the latter may appear useless in the raven example.

explanatory propensity of the given data, is then P(D|A A B) = 1.
In contrast, if the data were produced by A or by A Vv B, lower
likelihoods arise, since these hypotheses permit other outcomes
as well. Assuming equi-probability of all possibilities allowed
by a connective (cf. Johnson-Laird, Legrenzi, Girotto, Legrenzi, &
Caverni, 1999), one obtains P(D|A) = 0.5 and P(D|A v B) = 0.33.
Using Bayes’ theorem and a uniform prior, the posteriors of these
pattern probabilities in the above example violate the conjunction
rule: Pp(A A BID) > Pp(A|D) > Pp(A Vv B|D). Note that we here
deal with probabilities of patterns probabilities, given the data.
Once again, in contrast, extensional probability (P¢) would be “1”
for all three connectives. In effect, then, applying the conjunction
rule on the level of probabilities of alternative hypotheses provides
a “Bayesian Occam’s Razor”. In another debate, this has been
advocated as “size principle” or “strong sampling” (Tenenbaum &
Griffiths, 2001). It is an important step in solving the inclusion
problem, and it arises naturally if one applies subjective Bayesian
methods intensionally (rather than extensionally), taking the
category size into account. Disappointingly, however, the idea
itself does not solve the inclusion problem in the common case
when the logical predications are noisy. Even if there are only a few
exceptions this means that the rule is falsified and the more general
hypothesis must be adopted. This may be a reason for the broadly
accepted contention that neither frequentist nor subjectivist
accounts of probability can provide a rational account of violations
of the conjunction rule in human probability judgments (e.g., Fisk,
1996; Gigerenzer, 1998, 2000; Neace et al., 2008).

(3) The problem of exceptions. It is posited here that the
inclusion-problem can only be solved together with the exception-
problem. Correspondingly, the term “pattern probabilities” will be
reserved as it relates to noisy-logical rules. Whereas predicate logic
(employing only universal and existential quantifiers) suggests
that general predications implicitly involve universal quantifiers
(i.e.,“allX are A and B”), most material common-sense predications
actually allow for exceptions (Schurz, 2001, see also Schurz,
2005). The statement “ravens are black and they can fly”, for
example, cannot preclude the existence of ravens that are non-
black (e.g., albino ravens, Corvus alba) or ravens that cannot fly.
According to extensional probabilities (and even to a pattern-
probability approach without noise), one here would have to assign
the highest probability to a tautology such as “ravens are black
or not, and they can fly or not”. Therefore the predication of a
tautology based on the high probability criterion would be most
valid. The proposed model of probability judgments of noisy-
logical predications allows for a more reasonable probabilistic
truth criterion.

4. A Model of the Bayesian logic of frequency-based inclusion
fallacies

Building on the idea that “probability” is polysemous (Hertwig
& Gigerenzer, 1999; Sloman & Over, 2003; see also Piaget & Garcia,
1991), a mathematical model for pattern-based probabilities of
noisy-logical predications is proposed that allows for apparent
violations of the conjunction rule. The proposed model may
properly be termed inductive Bayesian pattern logic of noisy-
logical relations” (shortened to “Bayesian logic” or “Bayes logic”
(BL) (von Sydow, 2009, 2007a, 2008)). The model allows for an
improved high probability criterion for judgmental probabilities
about noisy-logical hypotheses where the concern is with whole
situations. It is a generative model that explains the occurrence
of instances in a 2 x 2 table, based on underlying, logically
described but probabilistic propensities, dispositions, or capacities
(philosophically expressed: potentia vs. actus).

The model provides an alternative formalization to extensional
probability—not replacing it, but supplementing it. On the level
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of a description normally taken to be relevant (i.e., the relative
frequency of actually observed cases falling under a rule), BL
subscribes neither to extensionality nor to the conjunction rule
(Eq.(1)). The corresponding non-additivity on the level of observed
cases, however, results as an emergent property for BL. Basically,
BL is likewise formalized in terms of standard Kolmogorov-
probabilities, embracing additivity only at the different level of
several noisy-logical hypotheses. In the next section sketches a
rational analysis of the model.

4.1. Probabilities of hypotheses of noisy-logical predications: a
rational analysis

According to the methodology outlined by Anderson (1990);
see also Chater and Oaksford (2000), a rational analysis specifies
an optimal solution to achieve the goals of a cognitive system
within a particular environment (as opposed to specifying details
of underlying cognitive processes). BL is formulated on this
functional or computational level and does not address the
cognitive implementation, or the algorithmic level (Marr, 1982).

The model is applicable in environments in which logical rela-
tions between properties normally do not hold deterministically
(i.e., objective uncertainty) or in which observations may have
been distorted (i.e., subjective uncertainty). Either of these criteria
may be fulfilled in contingent predication, since empirical relations
almost always allow for exceptions (e.g., the raven-example). In
such environments, the introduced noise-factor is indispensable.
Nonetheless, it is assumed that one has subjectively available data
about the co-occurrence of binary properties represented ina 2 x 2
table.

Moreover, the model applies if the communicative situation
in which a probability judgment is uttered recalls the goal of
holistic rather than partial assessment (i.e., assessing a whole
situation rather than piecemeal subsets). It evaluates which
of several logical hypotheses is most likely to have produced
the given data. As suggested in the Introduction, an important
communicative rationale for pattern probabilities of noisy-logical
rules is the need for a probability measure permitting maintenance
of a high-probability criterion of predication by solving the
problems of inclusion and exception. Additionally, the suggested
model should yield probabilities for logical patterns, allowing
for characterization by a single judgment of high probability. In
contrast extensional probabilities require for characterization the
specification of all four probabilities of a given co-variation matrix.
Ultimately, it is plausible for some combination of evolution,
cultural development, or individual learning to have produced
a more efficient means for communicating about noisy-logical
relations.

4.2. Main predictions

Before presenting technical details of the model I offer
a number of “main” predictions derived from it. It should
become clear that pattern probabilities of logical hypotheses —
Pp(A o B) — differ considerably from a direct application of
extensional probabilities—Pg (A o B). It is clear from the literature
on probability-judgments that people sometimes ascribe to the
word “probability” this standard statistical meaning, the relative
frequency of a particular subset alone. Nevertheless, in situations
addressing the probabilities of noisy-logical hypotheses and aimed
at characterizing whole situations, BL should be applicable and
may in fact predict systematic frequency-based violations of the
conjunction rule. When these preconditions are met, BL yields a
number of qualitative and quantitative predictions.

(1) Qualitatively, BL predicts that it should be possible to obtain
a substantial portion of conjunction “fallacies”, even if one uses

frequencies as well as other factors proposed in the debate on
the conjunction-fallacy (CF) as preventive factors. This prediction
is interesting, since frequency format has often been found to
reduce the rate of committed CFs (Fiedler, 1988; Hertwig &
Gigerenzer, 1999; Reeves & Lockhart, 1993; Tversky & Kahneman,
1983)—which then gave rise to the idea that natural frequency
representation generally reduced fallacious reasoning (Gigerenzer,
1991, 1996, 2000; Hertwig & Chase, 1998; Kahneman & Frederick,
2002, 2005; Mellers, Hertwig, & Kahneman, 2001; Messer &
Griggs, 1993; but see also Sloman et al., 2003; Wedell & Moro,
2008). Other studies have shown similar “further factors” that
reduce CFs. These include highly transparent within-subjects tasks
(Gigerenzer, 1996; Kahneman & Frederick, 2002; Kahneman &
Tversky, 1996; Lagnado & Shanks, 2002; Mellers et al., 2001);
a rating response format (Hertwig & Chase, 1998; Hertwig &
Gigerenzer, 1999, Study 4; Sloman et al., 2003; Wedell & Moro,
2008); clear set-inclusions (Agnoli & Krantz, 1989; Evans, Handley,
Perham, Over, & Thompson, 2000; Moutier & Houdé, 2003; Neace
et al,, 2008; Over, 2004; Sloman & Over, 2003; Sloman et al.,
2003; see also Evans et al., 2000; Johnson-Laird et al., 1999);
absence of narratives (Kahneman & Frederick, 2002; Stolarz-
Fantino, Fantino, & Kulik, 1996; Tversky & Kahneman, 1983; in
contrast, see Gavanski & Roskos-Ewoldsen, 1991; Nilsson, 2008);
and clarified logical formulations (Agnoli & Krantz, 1989; Hilton,
1995; Mellers et al.,2001; Messer & Griggs, 1993; Morier & Borgida,
1984; in contrast, see Sides et al., 2002; Tentori, Bonini, & Osherson,
2004). Such research has convincingly shown that some or all of
the cues mentioned often reduce the portion of CFs. Nonetheless, I
maintain this is partly due to eliciting an extensional interpretation
of probability. Moreover, BL predicts that these cues are in fact
not sufficient to elicit extensional reasoning. Finally, although
this paper does not focus on the evaluation of specific cues, it
does demonstrate that, when the goal is to make probability-
judgements about sentences characterizing an overall situation,
CFs can be elicited even if all of the above cues are applied
simultaneously.

(2) Quantitatively, BL makes a number of predictions for
the probability judgments modeled, based on the observed
frequencies in a contingency table.

(a) BL predicts not only CFs but double CFs as well as the
quantitative conditions of their occurrence. Study 1 will explore
which conditions lead participants to expect conjunctions to
be more probable than both conjuncts together with effects of
negations.

(b) BL predicts that sample size variation may have a differential
effect on estimated probabilities, even if extensional probabilities
are held constant. Studies 2a and 2b provide a first test of such
differential sample size effects.

(c) BL predicts internal and external pattern-sensitivity effects.
For instance, according to pattern-sensitivity, probability judg-
ments should vary in a specific way if the distributions of con-
firmatory (or disconfirmatory) cases is varied inside (or outside)
a given set, even if the extensional probabilities remain constant.
These effects provide a good example of the mentioned commu-
nicative goal linked to BL. For instance, in considering a previously
unknown species X, one may focus on two properties — warm fur
(A) and good meat (B) — and their logical relationship; whereupon
one may wish to communicate one’s observations. Sample scenar-
ios may be formulated thus: 18 A& B, 5A & non-B, 6 non-A&B,and 7
non-A & non-B [18, 5, 6, 7]; or, with a different data-vector: 18, 15,
1, 2. In which scenario would the hypothesis “animals of species
X provide good meat AND warm fur” appear more probable?
According to an intuitive use of BL, the naive probability of the
AND-hypothesis should be higher in the former scenario than in
the latter. According to extensional probability, however, the rel-
ative frequency leads to identical judgments: P:(A A B) = 0.5.
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Moreover, extensional probability would require four conjunctive
probability judgments — one for each logically possible subset —
to communicate the pattern of probabilities. Logical pattern prob-
abilities allow for an overall characterization by assigning a high
probability to a single sentence. Such effects of internal and exter-
nal pattern sensitivity are explored in Study 3.

Additionally, some further predictions (d, e, f, not investigated
here) should be mentioned:

(d) BLis not limited to summary data but can be applied as well
to single data-points or trial-by-trial learning of logical relations.
Since BL uses occurrences in contingency tables as an input, single
observations can be modeled parsimoniously as a contingency
table with a set-size of 1. Trial-by-trial learning could simply use
the posterior probabilities as a new prior probability distribution
for each trial. This can only be done if no specific effects of attention
or memory decay are assumed (for interesting additional effects
of subjective model construction, cf. Betsch & Fiedler, 1999). If
any such effects play an important role, it would be necessary to
assess the subjectively represented frequencies in order to apply
the model properly.

(e) BL postulates an impact of prior probabilities. For the
experiments presented here, flat prior distributions will be
assumed, due to the laboratory settings used. In other contexts, BL
predicts the effects of priors, particularly for very low sample sizes
(Kahneman & Frederick, 2002; Kahneman & Tversky, 1973). More
specifically, the prior probabilities of particular noise levels may
affect the posterior probability of different logical hypotheses.

(f) Finally, BL predicts the systematic occurrence of other
logical inclusion “fallacies” in frequency-based tasks, including the
“disjunction fallacy” (Reeves & Lockhart, 1993). Thus BL goes far
beyond the previously studied phenomena in specifying a system
of rational logical inclusion fallacies (for first corroborative results
see von Sydow, 2009).

In sum, BL makes a number of qualitative and quantitative pre-
dictions concerning the occurrence of frequency-based conjunc-
tion fallacies (and other inclusion fallacies), where the concern
is probability judgment and the intuitive logical evaluation of an
overall situation.

As mentioned above, a standard (extensional) Bayesian ap-
proach cannot rationally explain violations of the conjunction rule
(Bar-Hillel, 1991; Fisk, 1996; Gigerenzer, 1991). Yet, consonant
with a renaissance of Bayesian models in psychology (Chater &
Oaksford, 2008; Chater, Tenenbaum, & Yuille, 2006; Hahn & Oaks-
ford, 2007; Kruschke, 2008; Oaksford & Chater, 2007, 1994; Tenen-
baum & Griffiths, 2001; Tenenbaum, Griffiths, & Kemp, 2006; see
also Nelson, 2005), the development of the idea of logical pattern
probabilities incorporating the use of different noise levels permits
the reconstruction of deviations from the conjunction rule as ratio-
nal Bayesian answers.

4.3. The model

BL formulates posterior probabilities of noisy-logical explana-
tions (themselves each involving patterns of probabilities), given
observed frequency data in a contingency table. It is assumed that
the data could be understood to be generated by propensities de-
scribed in a logical but probabilistic way. Each noisy-logical hy-
pothesis is taken to have generated the data and is a potential
explanans of an observed situation. These hypotheses are rep-
resented by probability tables (PTs; here, 2 x 2-tables), each of
which corresponds to an ideal logical truth table plus a degree
of noise. The model first generates all possible explanatory log-
ical rules; then it produces possible noise levels for each rule.
Based on these noisy-logical representations, one can determine
the likelihood that the data have been produced by each possi-
ble underlying logic-noise pattern (a hypothesis). Using a flat prior

distribution for these hypotheses, one can employ Bayes’s theorem
to calculate the posterior probabilities for each logic-noise com-
bination. Then, to determine the overall posterior probability of a
single logical hypothesis, the posteriors of a particular logical hy-
pothesis are summed up over all modeled noise-levels.

On the logic side, BL is concerned with all sixteen possible
dyadic connectives between two atomic propositions A and
B (Frege, 1879)—AND, OR, EITHER OR, and so forth: A o; B (with
the index I running from 1 to 16). Nevertheless, the focus here
will be on the three connectives “A and B”, "A (which are B
or not-B)”, and “B (which are A or not-A)”, since they were
particularly relevant in the conjunction fallacy debate considered
in the General Discussion. In what follows, BL will be confined to
dyadic logic of probabilistic logical relationships between A and B
in a universe of discourse X, with analogous noisy pattern-logics
being constructable for relationships of higher arity.

To begin, the model should be developed in steps, as shown
below.

(1) Inputs. The main inputs for Bayesian logic are frequencies as
represented in a 2 x 2-contingency table resulting from N inde-
pendent observations: X + X, + Xc + x4 = N, with N > 0 (see
Table 2). The contingency-table presupposes a given universe of
discourse X (e.g., “ravens” or “graduates of the Linda-school”). To
apply the model without modifications, the sampling-process pro-
ducing the data should be unbiased (von Sydow, 2008; cf. Fiedler,
2000), whether the data is directly observed or retrieved from
memory. Since such evidence combines information about effect
and sample-size, we are concerned with “natural frequencies”,
defined to report the final “tally of a natural sampling-process”
(Gigerenzer, 1998, p. 13; Gigerenzer & Hoffrage, 1995; Gigerenzer
& Hoffrage, 2007).

As a second input, BL assumes prior probabilities for the tested
logical hypotheses at each noise level modeled. In the studies, a
uniform, uninformative prior distribution was employed for all
combinations of hypotheses and noise levels (cf. von Sydow, 2007a,
2008, 2007D, for possible extensions).

(2) Probability tables. Similar to other kinds of multivalued or
fuzzy logics, BL replaces the two values, true (T or 1) and false (F
or 0), of bivalent propositional logic, by values within the interval
[0, 1] (as used for probabilities). BL formulates specific probability
tables (PTs) as well as probabilities on a second level for each of
these probability tables. PTs are probabilistic analogues to logical
truth tables, which are treated as generative structures that may
have created the data. Since the concern is with dyadic relations,
each PT here is based on tuples of four probabilities: Pr(A&B) +
P;(A&—B) + Pg(—A&—B) + Pz (—A&—B) = po+py + Pc +pa = 1.
It should be noted that these PTs do not directly summarize the
observations; rather they are ‘a priori’ explanatory constructs of
the model, needed to instigate this kind of inductive logic. Each PT
as a whole, however, has a probability that changes when tested
against data, yielding a new posterior.

PTs are probabilistic descriptions of hypothetical logical
propensities that can give rise to certain empirical attribute
combinations. The PTs used make up a subset of all possible PTs
selected to model pattern probabilities of noisy-logical rules. In
constructing these PTs, two main assumptions are made: first,
idealization; and second, uncertainty.

(3) Assumption of idealization. Logical truth tables concern
only the truth or falsity of cases—what is allowed and what
is forbidden. They do not provide probabilities for the allowed
cases. In fact, the probability of a confirmatory subclass may
be zero. Nevertheless, since PTs are taken here to represent

3 This equation does not hold for PTs based on the logical falsum, whose
probabilities are determined by noise only.
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generative structures, it would be absurd to use a probability of
zero for a subclass, since this would rule out completely that
this option generated the data. According to the idealization-
assumption, a hypothetical ideal logical connective is assumed
to have an equal probability distribution for all true cases
(Johnson-Laird et al., 1999; see also, in a context not dealing
with logics or exceptions, Tenenbaum & Griffiths, 2001). The
connective corresponds to the question of which (ideal) logical
explanation could have created a given data-set. Moreover, the
assumption follows naturally from the principle of indifference,
as long as no additional knowledge about sampling constraints
or distorting factors is available. In the case of deterministic
logical relationships (no noise, r = 0), the probability of a cell
of a PT being logically “false” remains zero, whereas the ideal
probability of a cell corresponding to any “true” case of a
connective (in the absence of noise) is 1 divided by the number
v of true cells T given by this connective I, or: Ppr(T|r = 0) =
1/v(T;) = t,. For the conjunction “A AND B”, we obtain t; = 1; for
the affirmation “A”, t; = 0.5; and for the (inclusive) disjunction
“A OR B”, t; = 0.33. This step turns deterministic truth tables
into (deterministic) probability tables. The measure t is not a free
parameter; rather, it follows from the idealization-assumption. It
must be noted, however, that the observed data generated by a
logical PT can be more irregular.

(4) Assumption of uncertainty. In an uncertain world, a formal-
ization of noise (error, nuisance, uncertainty, or randomness) is
needed in order to develop a full idea of probabilistic logical PTs. A
deterministic PT (with r = 0), as in the case of a truth table, could
be discarded by a single disconfirmatory observation (a falsifica-
tion; cf. Popper, 1934/2005). For each connective [, therefore, sev-
eral PTs are constructed, each with a different noise level r;. (Note
that only eleven noise levels were modeled here; thus r; was varied
by increments of 0.1.) The assumption of uncertainty formalizes a
general overall level of uncertainty r (with 0 < r < 1) for all cells
of a given logical PT, assuming that we have no knowledge about
specific noise factors.* A resulting connective-noise combination
(a PT) is an ideal logical but noisy explanans and may have gen-
erated the data. Each PT has an additional conjoined probability:
P(PT;j) = Pp(Ao;B, ;). As prior probability, the probabilities of
a connective-noise combination or of overall noise levels may be
fixed by prior knowledge. Here flat priors are assumed, however,
and the model is used to calculate the posterior probability of each
such combination (Pp(A o; B, j|D)) from the data itself.

Formally, r is the portion of the PT’s generative probability
distributed equally over all cells of a connective. For PTs with no
noise (r; = 0), the probability of a logically false case producing an
observed case is Ppr (F) = 0. Hence, after only a single observation
corresponding to a forbidden cell, does the posterior of the PT
become zero (a falsification). In contrast, for PTs with maximal
noise (r = 1), the cell-probabilities converge at the convergence-
probability, here generally set to 0.25. No additional parameters are
introduced that could be suitable in more complex situations (von
Sydow, 2007a, 2008, 2007b).>Hence the cell probabilities of each
PT can be represented as a mixture of (1) a uniform distribution
over the intension of the truth table of a connective, and (2) a
uniform noise distribution over all four cells.® As an example, when

4 An alternative formalization may be reasonable as well, leading to similar
predictions here (cf. von Sydow, 2009). Moreover, noise might be understood as
specific causes of noise, which may be captured within the current model by
summing up the probabilities of all alternative hypotheses.

5 Generally, the assumed probability of a false cell in a PT;; is formalized by
Ppr(F) = r*c (with 0 < Ppr(F) < c); and that of a true case, T, by: Ppr(T) =
(1 —=r)t;+ 1., withc < Ppr(T) <'t.

6 | owe this didactically improved formulation to a comment by Professor John
Kruschke. It is equivalent to the one proposed in von Sydow (2007a,b): Ppr(T) =
A=nt+re=t6—rt —o0).

the connective of the rule is “OR” (inclusive disjunction), the 2 x 2
probability table reads:

1/3 1/3 1/4 1/4
PTor; = (1 =1) * [1?3 (/) ] t [154 1?4} ' (2)
And when the connective of the rule is “AND":
1/1 0 1/4 1/4
PTanpj = (1 —1j) * [ (/) 0] + 1 [44 1;4 . (3)

For each connective, different noise levels (r;) can be repre-
sented. Although the noise levels approximate a perfect (contin-
uous) representation only when their number approaches infinity,
for our psychological purposes here only eleven equidistant dis-
crete levels of r were used.

(5) Likelihoods. The formalization of the novel pattern-
interpretation of (noisy) logical connectives results in a two-
dimensional field of PTs (connectives x noise), each with its
conjoint probability. The subsequent steps combine standard pro-
cedures of Bayesian statistics with these non-standard represen-
tations of distributions of noisy-logical relationships between two
predicates.

The formalization of the PTs allows a calculation of the likeli-
hoods of observed data patterns given a connective-noise hypoth-
eSiS P(D|PTI,]) = P(D|A OlB, r]) = P(Xaa Xb, Xc, Xd|p07 pb7 pCv pd)
The multinomial distribution provides the discrete probability-
distribution for obtaining a particular pattern of data (D) in a
sample of independent observations (when Xx = N), given a hy-
pothesis (a PT) with the respective probabilities p,, pp, pc, and pg
(with 0 < p,, < 1). For a given data pattern and each PTj; (that is,
each PT specified by the model), P(D|PT;;) is calculated thus:

N
P(D|AoB, ;) = <xuxbeXd> - (4)

(6) Bayes’s Theorem. This theorem is used to calculate the pos-
terior probabilities (P(PT|D)) of each connective-noise hypothesis,
given the observed pattern of data.
P(D|AoB, 17)P(AoB, 1)

P(D)
The normalizing probability (P(D)) is obtained by summing

up the weighted likelihood of the data under all connective-noise
hypotheses.

P(D) =Y " P(D|AosB, r;)P(AojB, ). (6)
|

Pp(AoiB, 1j|D) = (5)

(7) Integration rule. The logical pattern probability of a dyadic
hypothesis, Pp(Ao;B), is calculated by summing up the posterior
probabilities of all corresponding PTs; j over all noise levels i

Pp(A0B|D) =) _ Pp(A0iB, 17|D). (7)
i

The resulting probability mass function provides us with the
desired posterior probabilities for each noisy-logical hypothesis
(noisy-logical pattern probabilities).

(8) Comparative probability judgments. Additionally, one may
well be interested in ratios of the posterior probabilities rather
than in their absolute differences. This becomes significant

7 There may be other weighting functions and integration rules as well.
Pragmatically, one may, for instance, favor low over high noise level hypotheses
and weight r values by their reciprocal, 1/r, normalizing this by the overall sum.
It should be noted, however, that this would not be a purely epistemic model,
concerned with truth alone, but one concerned with epistemic utility.
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when probability-differences close to zero nevertheless refer
to large ratios. Thus it may be more appropriate to model
human judgments using either a logit-transformation of the
probability scale as output (von Sydow, 2008), or a directly
comparative measure for comparing each hypothesis (e.g., log
posterior odds; see Anderson, 1990; Griffiths & Tenenbaum, 2005):
In(Pp(A01B|D)/Pp(A0,B|D)). If several comparisons are involved,
for each hypothesis one may use the average of all log posterior
odds. In the studies discussed here, where such values are shown,
logit-values and log-posterior odds yield very similar predications.

In sum, this formalization of inductive Bayesian logic yields a
rational model for pattern probabilities (Pp(A01B|D)) that predicts
the systematic occurrence of CFs and double CFs under specified
qualitative and quantitative conditions. The model as presented
here has no free parameters (given the use of flat priors and
ignoring the model variants in Step 8). Based on this formalization,
even if BL were only applicable on an ordinal level (see Stewart,
Brown, & Chater, 2005, Study 3), it is possible to specify the
predictions for our studies in a precise way.

5. Related models

In this section some models are briefly discussed that are similar
in spirit but different in subject matter as well as in execution.
Models explicitly addressing the conjunction fallacy debate will be
considered in the General Discussion.

BL differs mathematically from models using the term “Bayesian
logic” in a different or more general way (Busemeyer, Wang, &
Townsend, 2006; Carbonetto, Kisyriski, de Freitas, & Poole, 2005;
Milch et al., 2006; Romeyn, 2005; von Sydow, 2006). Hence, in con-
texts in which a confusion of terms is unlikely, one can refer to the
proposed model briefly as “Bayesian logic”.

Earlier studies have mentioned that neither non-standard ac-
counts of probability theory (such as Baconian probability, belief-
functions or fussy logic, see Tversky & Kahneman, 1982, p. 90;
Hajek, 2001, 2002) nor classical accounts of inductive logic can
explain violations of the conjunction rule (Carnap, 1952; Hempel,
1945; Reichenbach, 1935; Skyrms, 1986; see also Costello, 2005;
Fitelson, 2006). BL also differs from broadly related Bayesian ac-
counts in the Raven paradox debate (e.g., Nickerson, 1996; von
Sydow, 2006; Vranas, 2004), and from models in Al and machine
learning at the intersection of logic and probability (e.g., Car-
bonetto et al., 2005; De Raedt & Kersting, 2003; Milch et al., 2006).
These approaches addressed different problems and did not consti-
tute a pattern-sensitive inductive Bayesian logic integrating over
noise levels.

As mentioned, the model is in line with the size principle
advocated by Tenenbaum and Griffiths (2001) (for a logical albeit
non-Bayesian context, see Johnson-Laird et al., 1999), but the
idea was not developed in the context of logical propositions,
nor was the problem of exceptions for logical predications
resolved (violations of rules were treated as falsifications). Notably,
however, two recent models at the intersection of logic and
probability-theory have explicitly dealt with probabilities of
logical relations as well as exceptions: Oaksford and Chater (2003,
information-gain model) and Goodman, Tenenbaum, Feldman, and
Griffiths (2008, categorization-model).

In particular, Oaksford and Chater’s model of optimal infor-
mation gain (OIG) in Wason’s four-card selection task (cf. Hat-
tori, 2002; Oaksford & Chater, 2007, 1994, 2003; von Sydow, 2006,
2004) seems to anticipate aspects of BL in characterizing a connec-
tive by probability patterns and in allowing for exceptions (Oaks-
ford & Chater, 2003). Moreover, the model directly influenced work
leading to the BL model (von Sydow, 2006). Nonetheless, BL does
differ from OIG in essential respects. First, the OIG model has
prima facie a different field of application, being concerned with

optimal data selection. Moreover, it deals with material implica-
tions alone. Although I have suggested that this model may be
extended to other connectives, such as disjunctions, there is no
direct way to extend it, for instance, to conjunctions (von Sydow,
2006). Second, the OIG model assumes given information about the
marginal probabilities of two predicates but no knowledge of their
co-occurrence. In contrast, BL assesses fully available frequency in-
formation. Furthermore, OIG specifies only one noise level, not all
possible noise levels. It is crucial that, although employing one type
of logical PT, OIG deals with a basically extensional understand-
ing of connectives. Probability tables are constructed only as a side
effect resulting from assumed constraints, not with reference to
ideal logical patterns. Although empirical tests of the OIG model in
Wason selection tasks revealed mixed results, some studies found
supporting evidence only when these constraints were actually in
place (von Sydow, 2006, 2004). In contrast, Bayesian logic concerns
logical pattern probabilities, presuming knowledge about the com-
plete contingency table and no sampling constraints (cf. Fiedler,
2000).

Goodman et al. (2008) recently proposed a rule-based catego-
rization model using a logical grammar in disjunctive normal form
(DNF). Since both this model and BL (von Sydow, 2007a, 2008,
2007b) use logical rules and exceptions, they may appear similar.
Yet there are essential differences: on the one hand, DNF has as
its goal to find, via features or feature-combinations, the best defi-
nition for two alternative categories (categorization-task). That is,
feature-combinations that occur in two categories (ambiguous fea-
ture combinations) would not be relevant. On the other hand, BL is
concerned with the predication of the logical relation of some pos-
sible features in question, given a particular category. In addition
to this difference, the likelihoods in the DNF model decrease exten-
sionally with the number of assumed outliers. DNF favors simpler
models (even if less adequate) by the use of a syntactic complexity
bias (using a disjunctive normal form) that is reduced in successive
learning. This is a reasonable formalization for this task because the
model is formulated to discriminate increasingly between different
alternative categories in a perfect way (without outliers); nonethe-
less, it differs from the task modeled by BL and from the prediction
of no erosion of assigning pattern probabilities involving CFs with
increased sample size.

In sum, the outlined models clearly display differing goals and
technique. Despite this fact, however, BL shares with these models
the overall aim to bridge the often claimed abyss between logical
and probabilistic representations, or between Boole and Bayes.

6. Testing Bayesian logic

In three studies, central qualitative and quantitative predictions
of BL were investigated, which in their combination (as will be
shown later) cannot be explained by any other theory of the CF.

Qualitatively, BL predicts the possibility to elicit CFs even
under conditions using many extensional cues simultaneously, if
the concern is alternative hypotheses about whole situations. In
all experiments, conditions were used under which most other
theories would not predict CFs. If this led to CFs, the result
would go beyond even the most startling recent demonstrations
of CFs (e.g., Lagnado & Shanks, 2002; Sloman et al., 2003; Tentori
et al., 2004). (Note: Traditional accounts of CFs will be addressed
afterward in the General Discussion.)

In particular, the goal of the studies was to test three
previously mentioned central quantitative predictions: the role
of negations and the conditions of double CFs (Experiment 1);
differential sampling size effects (Experiments 2a and 2b); and
internal and external pattern sensitivity (Experiment 3). The
experiments concentrated on the predictions of BL, testing them
against an extensional understanding of probability.
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6.1. Experiment 1: double conjunction fallacies and negation

Experiment 1 had three purposes—in ascending order of in-
terest: (1) to explore qualitatively whether probability judgments
deviate from the norm of extensional probability even with many
extensional cues in place; (2) to control for possible modulating ef-
fects of negations and presentation position; and finally, but most
important, (3) to elucidate the quantitative conditions under which
double CFs occur.

We used a scenario reminiscent of the classical CF-task,
the Linda-task (Tversky & Kahneman, 1983). Instead of a story
about one person (“Linda”), with probability judgments about an
individual’s attributes, the tasks concerned graduates of schools
(e.g., the “Linda-school”), with probability judgments about group
attributes. According to the conjunction rule a probability of
the affirmation “Linda is a bank teller” (P(B)) can never be less
probable than the conjunction “Linda is an active feminist and
a bank teller” (P(A A B)). Participants often violated this rule
in classical Linda-tasks when ranking the probabilities of the
conjunction higher than the affirmation after Linda had been
described as feminist. Here we use explicit frequency data instead
of single-event narratives. Additionally, the task uses no distractor
properties, clear set inclusions, within-subjects comparisons, and
formulations of the hypotheses that exclude misunderstanding.
Despite these extensional cues, in a context that suggests an
interest in an overall evaluation of a situation BL predicts a relevant
portion of non-extensional answers.

The ways the data patterns were linked to bank teller or
(active) feminist were counterbalanced by using four rotations of
the input matrix of each pattern type (see Fig. 1(A)). Moreover,
negated hypotheses were investigated. Taken together, this
allowed controlling for possible effects of affirmations versus
negations in a setting with transparent frequencies (cf. Hattori
& Oaksford, 2007). Moreover, it allowed control over possible
misinterpretations of conjunctions as disjunctions or implications
(Hertwig et al., 2008; Mellers et al., 2001). Additionally, we varied
the presentation order, since the theories of inverse probability and
support would predict that this factor is relevant for CFs (see the
General Discussion).

The main goal of Experiment 1 was to investigate (a) the
occurrence of frequency-based double CFs; and (b) whether they
occur under the quantitative conditions predicted by BL. Double CFs
are empirically measured probability judgments (Perp) involving
Pemp(A) < Pemp(A A B) and Pemp(A A B) > Pemp(B); O Pemp(A) <
Permp(A A B) and Pemp(A A B) > Pemp(B). The former are strict
double CFs. Research on representativeness has so far concentrated
on single CFs (such as P (bank teller) < P (active feminist A
bank teller)) and on situations triggering a prototype related
to one of the components (e.g., active feminist) (Neace et al.,
2008; Thiiring & Jungermann, 1990; Tversky & Kahneman, 1983).
Often the conjunctions have not been analyzed together with both
conjuncts. Only a few approaches have explicitly predicted double
CFs (e.g., Costello, 2005; Yates & Carlson, 1986); and in only a few
traditional Linda tasks (without full frequency information) have
small portions of double CFs been found (Costello, 2005; Hertwig
& Chase, 1998; Reeves & Lockhart, 1993; Yates & Carlson, 1986; cf.
Tentori et al., 2004). Even Lagnado and Shanks (2002), who varied
learned frequencies of different logical subsets in more complex
settings, did not assess double CFs. In difference, here double
CFs are investigated while providing full frequency information,
including the conjunction itself (see also von Sydow, 2007a, 2008,
2007b).

Experiment 1 explores the quantitative conditions under which
frequency-based double CFs occur. The four types of frequency
patterns explored all have a modal conjunctive frequency in
the same logical cell (see Fig. 1(A)). One may either derive the

Table 3
Presentation orders and resultant presentation positions of schools in Experiment
1 (cf. Fig. 3).

Order t1 t2 t3 t4

Order 1 1a 2b 3c 4d
Order 2 1c 2a 3d 4b
Order 3 1b 2d 3a 4c
Order 4 1d 2c 3b 4a
Order 5 2a 4b 1c 3d
Order 6 2c 4a 1d 3b
Order 7 2b 4d la 3c
Order 8 2d 4c 1b 3a

Order t1 t2 t3 t4

Order 9 3a 1b 4c 2d
Order 10 3c 1a 4d 2b
Order 11 3b 1d 4a 2c
Order 12 3d 1c 4b 2a
Order 13 4a 3b 2c 1d
Order 14 4c 3a 2d 1b
Order 15 4b 3d 2a 1c
Order 16 4d 3c 2b 1a

predictions of BL directly from the specified pattern probabilities
(Fig. 1(B); see BL, Step 7) or else assume that people do not
represent differences but rather proportions of these probabilities
(Fig. 1(C), averaged log-odds; see BL, Step 8). Note that all
hypotheses have a non-zero posterior probability. It is an
advantage of the latter measure, showing the average log-odds
of pattern probabilities, that allows representing the relative
differences between low-probability hypotheses even if one
hypothesis is dominant (Fig. 1(B) and (C)). In either case, BL
predicts dominant double-CF effects only for two of these patterns
(Pattern Types 1 and 2). Pattern Type 1 investigates whether,
as a minimum criterion, double CFs occur with highly frequent
conjunctive cells (with an extensional probability of Pz (B&F) =
0.8). Pattern Type 2 explores whether they also occur in cases with
a conjunctive probability of less than 0.5 (where P (B&F) = 0.4).
Even here, BL predicts dominant double CFs, although BL allows
finding reduced confidence in such judgments (see ordinates in
Fig. 1(B)). For Pattern Types 3 and 4, there should be fewer
double CFs, although in the case of Pattern Type 3 the extensional
probability of the conjunction is now even higher than in Pattern
Type 2; and in Pattern Type 4 it comes closer to an AND-pattern.
Hence, any measure demanding only a high extensional probability
of a conjunction for double CFs to occur would lead to different
predictions. Likewise, these predictions are not made by traditional
theories of the CFs (see General Discussion).

Method

Participants.

Sixty-four students of the Georg-August-Universitdt Géttingen
volunteered to participate, in return for a small chocolate bar.
Additionally, they could enter a lottery as recompense.

Materials and procedure.

A mixed repeated-measures design was employed, with each
participant receiving a booklet (in German) giving a general
introduction, followed by four judgment tasks and a final
questionnaire. The frequencies for each task were derived from
the sixteen frequency patterns used, resulting from four rotations
of the four pattern types introduced (Fig. 1(A)). The presentation
order combined two Latin Squares so that no participant got the
same rotation or pattern type twice (Table 3). The Latin Squares
also secured that the patterns and rotations occurred equally often
in all four positions, and that the types succeeded each other
only once. This resulted in sixteen presentation orders (Table 3).
Participants were randomly assigned these orders, with each being
shown to four participants.

The tasks were presented in succession, one per page.
Participants were informed to take an interest in an overall
evaluation of the school shown (e.g., the Linda school). They should
place a check-mark next to the hypothesis that intuitively appeared
most probable, based on the sample. They were informed that none
of the hypotheses presented was 100% valid.

The frequency information was presented to the participants
in a contingency table. The table’s marginals were labeled “bank
teller”, “no bank teller”, “feminist”, “no feminist”; and the
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Fig. 1. Data patterns, predictions and results of Study 1. (A) The tables show the data patterns used, and their rotations, in the different schools. The other rotations are
designed analogously. (B) The posteriors of the pattern probabilities of noisy-logical hypothesis, Pp(H) = Pp(Bo;F|D) (BL, Step 7). (C) Averaged log-odds of the pattern
probabilities (BL, Step 8). (D) Relative frequency of the selection of different logical hypotheses judged most probable for different types of patterns (recoded after conflating

over Rotation and Position).

cells, “bank teller & feminist”, “bank teller & no feminist”, and
so forth. This was done to clarify set inclusions and prevent
misunderstanding.

Participants were provided with eight hypotheses regard-
ing the Linda-school students, who after graduating generally
became: (1) “bank tellers and at the same time feminists” (B & F);
(2) “bank tellers and [...] no feminists” (B & Non-F); (3) “no bank
tellers and [...] feminists” (Non-B & F); (4) “no bank tellers and |[...]
no feminists” (Non-B & Non-B); (5): “bank tellers” (B-hypothesis);
(6) “no bank tellers” (Non-B); (7) “feminists” (F); and (8) “no
feminists” (Non-B).

The eight hypotheses allow for investigating whether the use
of negations leads to asymmetries. Notably, the used formulation
excluded an interpretation of conjunctions as disjunctions (using
the formulation “and at the same time”; Mellers et al., 2001; see
also Hertwig et al., 2008), as well as the interpretation of “A” as an
ellipsis for “A and non-B”, since the latter hypothesis is explicitly
stated (Agnoli & Krantz, 1989; Messer & Griggs, 1993; Morier &
Borgida, 1984; Tentori et al., 2004; Wedell & Moro, 2008). (For full
instructions to the task, see Appendix A.)

Results.

Of the 256 data points, six were excluded from analysis for

formal reasons (empty cells or multiple selections). Fig. 1(D) shows
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the percentage of occasions a particular logical hypothesis was
deemed most probable in the four pattern types, conflating over
the factors Rotation and Presentation order/position. The re-coding
reversed the rotations (e.g., actual B & non-F-, and non-F-choices in
90° rotations are re-coded as B & F- and B-choices).

In Pattern Type 1, 60% of the choices corresponded to the
predicted conjunctions (e.g., B & F in 0° rotations), all involving
double CFs. The second-highest group, 22%, selected a particular
single affirmation or negation (e.g., B in 0° rotations, non-F in 90°
rotations, and so forth), corresponding to the main extensional
prediction—the second most probable hypothesis according to
BL (see Fig. 1(C)). The remaining 18% were distributed across
the other six hypotheses. For Pattern Type 2, the same general
predictions held. The largest portion of re-coded choices, 45%,
corresponded to the predicted conjunctions, with 27% to the
extensionally predicted affirmations/negations (also the second
most probable pattern probability), and 27% to the six other
hypotheses. As predicted, the responses for Pattern Types 3 and 4
were the reverse of those for 1 and 2: 25% (in both 3 and 4) chose
the focal AND hypotheses (corresponding to the second highest
pattern probability); 60% (in 3) and 52% (in 4) chose the main
affirmation/negation hypotheses (e.g., B), predicted here by both
BL and extensional probability; and finally, 14% (in 3) and 22% (in
4) selected other hypotheses.

If participants misunderstood conjunctions as disjunctions,
they extensionally should have answered, for instance, “B & non-
F,” in 0° rotations of Pattern Types 1, 2, and 3. On the contrary,
however, summing up the extensionally predicted selections
under the hypothesis that an AND-formulation is misunderstood
as a logical disjunction, these selections occurred significantly less
frequently than by the chance-probability of one eighth (testing
against all alternative selections with an a priori probability of
seven eighths (x%(1,n = 187) = 8.75,p < 0.01)). Notably, the
main predictions of BL, given that grammatical conjunctions had
been interpreted as logical conjunctions (the black columns in
Fig. 1(D)), occurred significantly above chance level (always with
p < 0.00001).

Comparing Pattern Types 1 and 2 (predicted conjunctions)
with Types 3 and 4 (predicted affirmations/negations), the portion
of (re-coded) AND-selections (vs. the portion of all non-AND-
selections) clearly differed in the expected direction: x2(1,n =
250) = 19.22,p < 0.00001. Even for the strictest possible
single comparison — between Pattern Types 2 and 4 — this portion
became significant: x2(1,n = 125) = 5.35,p < 0.05. Fig. 1(D)
seems to reveal a reduced portion of AND-selections (vs. non-
AND-selections) between the two AND pattern types (Types 1 and
2). Such difference, which had not been predicted, need not be
inconsistent with BL (Fig. 1(B) and (C)). In any case, the difference
did not reach significance: x2(1,n = 124) = 2.62,p = 10.55.
Comparing the portions of AND-answers in Pattern Types 3 and 4
confirmed that there was in fact no difference.

Finally, selections of predicted affirmations/negations (re-
coded, e.g., Bin 0° rotations) versus all other selections differed, as
expected, between Types 1and 2 on the one hand and Types 3 and 4
ontheother: x2(1, n = 250) = 25.43, p < 0.00001. Furthermore,
the most critical single comparison of this kind, between Types
2 and 4, was significant: x?(1,n = 125) = 8.49,p < 0.01.
The portion of B-selections (after re-coding) did not differ reliably
between the two AND-pattern types (x2(1,n = 124) = 0.39,p =
0.53), nor between the two B-pattern types (x2(1,n = 126) =
0.81,p = 0.36).

Additionally, log-linear analyses, involving the factors “Pattern
type x Rotation x Position x Possible answers”, suggest that
participants’ selections of the most probable hypotheses were
predominantly affected by Pattern type, and not by Rotation or
Position (see Appendix B).

Discussion of Experiment 1.

(1) The results of Experiment 1 provide an existential proof
of double CFs becoming dominant choices, under strict conditions,
using natural frequency information, a contingency-table task,
within-subjects comparisons of hypotheses, clear set inclusion,
clarified hypotheses formulations, and no confounding variables.
This shows that these cues, normally assumed to elicit correct
(extensional) answers, need not be sufficient to elicit extensional
reasoning.

(2) The experiment suggests that positive and negative evidence
were treated symmetrically. The factor Rotations had no significant
impact. This may have been due to the task’s deliberately
low memory demands. That is, in more complex contexts, the
representation of positive or negative cases could well differ
(Hattori & Oaksford, 2007; Johnson-Laird et al., 1999), and then the
predictions of BL, if based on subjective frequencies, would differ as
well. All in all, the results corroborate that BL may ceteris paribus
be applicable to both affirmative and negated propositions.

(3) The quantitative conditions of the occurrence of double CFs
were tested. The choice of conjunctions as the most probable
hypothesis here always involved double CFs. For all Pattern types
there was a particular cell (e.g., “A & B” in 0° rotations) that had the
highest frequency relative to the other three basic subclasses of a
2 x 2 contingency table. In Pattern Type 1 we obtained dominant
double CFs corresponding to this cell. For Pattern Type 2, this
prediction was corroborated as well, although P:(B& F) < 0.5. For
Pattern Types 3 and 4, the most common selection did not
correspond to conjunction B & F (or their rotations), even though
this cell had a larger extensional probability than the dominant cell
in Type 2. These results contradict the hypothesis that participants
were only interested in the cell with the highest probability. This
also rules out heuristics concerned with the majority of cases
(which in other contexts may be crucial, see Schurz, 2005).

In summary, the results of Experiment 1 provide a first corrob-
oration for BL and the predicted conditions under which double
CFs occur. Extensional probabilities are obviously incoherent with
the found systematic occurrence of double CFs. As will be argued
in the General Discussion, no other theory concerning the CF has
predicted double CFs under the qualitative and quantitative condi-
tions explored here and none of the theories easily lends itself to
explain the data.

6.2. Experiment 2: differential sample-size effects

Experiments 2a and 2b are mainly concerned with differential
sample-size effects. Formalizing subjective probabilities, BL inte-
grates the reliability of a sample and the probability of a logical hy-
pothesis into a single measure. BL predicts that sample size should
matter and that there may be different sample-size effects for dif-
ferent connectives.

Qualitatively, the studies again used strict and simple con-
ditions: particularly, frequency information, no distractor hy-
potheses, and clear set inclusions. Quantitatively, they were
concerned with varied probabilities (AND-patterns vs. A-patterns)
and different sample sizes (low vs. high sample-size conditions). As
a dependent variable, participants for each task had to select the
hypothesis that appeared to be most probable. Additionally, par-
ticipants had the alternative option to state that no hypothesis was
the most probable. We predicted this option would be selected if
the pattern probabilities of two hypotheses were nearly equal.

Fig. 2 shows the logical pattern probabilities calculated by BL
for the four frequency patterns shown in Experiment 2a, assuming
flat priors. For each pattern, two graphs are shown, illustrating the
resultant probabilities for each investigated hypothesis: “A A B”
(bank teller and feminist); “A”; and “B”. The left graph shows the
resulting posterior probabilities (ordinate) for the hypotheses and
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Fig. 2. Graphs of the resultant pattern probabilities Py (A A B), Py (A), and Py (B), for uncertainty levels r between 0.0 and 1.0 (Py (A o; B.r.|D)) (left graphs) and summing-up

over all levels (Py (H;|D)) (right graphs), given the observed frequencies.

given noise levels r (abscissa) (Step 6 of the model), calculated from
the given data. The graph on the right shows the posteriors of the
hypotheses, integrating over all noise levels (Step 7). (Step 8 of the
model, using log-odds, would reveal analogous predictions.)

In Fig. 2, Examples 1 and 2 show predictions for the large-
sample-size conditions with x, = 20, x, = 10, x. = 10, x4 = 10;
and with x, = 20,x, = 20,x, = 10, and x4 = 10. Assuming
that many participants would interpret probability as pattern
probabilities, BL predicted increased AND-selections for Example 1
(although P (AAB) < 0.5)and increased A-selections (bank teller)
in Example 2. Since both are used—the A and the B hypotheses
along with the AND-hypothesis and no other filler items, a selection
of AND-hypotheses extensionally involves committing double CFs.
Examples 3 and 4 show the pattern probabilities for small sample-
size conditions. The extensional probabilities are identical to the
high sample-size conditions. Interestingly, the graphs demonstrate
that the dominant hypotheses show a greater reduction in the
small sample-size AND-condition (Example 3) than in the small
sample-size A-condition (Example 4). They differ by only a single
case, and their extensional probabilities are identical to the
corresponding large set-size conditions (Examples 1 and 2). Hence
a direct application of extensional probability should exhibit no
sample-size effects. Alternatively, using some extensional sample
statistics may predict an increase of “no preference”-choices in
both low sample-size conditions, but no differential sample-size
effects.

It should be noted that the outlined predictions of BL should
be robust against (plausible) deviations from the assumption of a
flat prior probability distribution for the noise levels. If the prior
probability distribution were skewed, favoring either low or high
noise levels, this “weighting factor” (according to BL) should not
substantially alter judgment the most probable hypothesis unless
this tendency is extreme. In Examples 2 and 4, the hypothesis A
is always dominant over the other two hypotheses, independent
of the assumed noise level. In Examples 1 and 3, the probability-
ranks of the dominant hypotheses switch, even though this is not
visible in Example 1. In Example 1, each individual conjunct has
in fact a slightly higher likelihood than the conjunction for low
noise levels, but for all other noise levels the likelihood of the
conjunction is clearly higher. A prior-probability only moderately
favoring low over high noise levels would not necessitate different
predictions, since the higher noise levels are made probable by

the data (given all three possible logical hypotheses); hence the
model’s posterior of the hypotheses will almost certainly be based
not on very low noise levels. Although the graph for Example 3
exhibits a switching of the rank-orders with slightly more clarity,
the probabilities rarely differ substantially at a given noise level.
Hence, it is only the presence of a strong prior belief in a quite
low noise level (e.g., P(r = 0.2) = 0.999) that may overcome
the impact of the likelihood function. In the studies, however,
participants had no reason to believe strongly in such a prior.
Hence the data-vectors employed allowed BL to make fairly robust
predictions for the sample-size effects investigated.

6.2.1. Experiment 2a—differential sample-size effects in simultane-
ously presented tasks

Method: participants, materials, and procedure.

Ninety-six students from the University of Gottingen partici-
pated in two successive tasks concerned with the behaviour of
graduates of different schools. Participants volunteered and re-
ceived the same gratification as in Experiment 1. One participant
was excluded for formal reasons.

The participants received a booklet (written in German) with
paper-and-pencil tasks. The task-sheets were preceded by an
introduction providing general information and an outline of
the task’s basic idea. The tasks were presented on successive
pages, controlling for task order. Participants could observe
four different frequencies corresponding to four schools: Linda
(high frequency with an AND-pattern, i.e. High-AND-condition);
Maria (High-A-condition); Sara (Low-AND-condition); and Nina
(Low-A-condition). Participants were randomly assigned to one
of eight presentation orders: (1) Linda-Sara; (2) Linda-Nina;
(3) Maria-Sara; (4) Maria-Nina; (5) Sara-Linda; (6) Nina-Linda;
(7) Sara-Maria; or (8) Nina-Maria. For each school, participants
were presented with a 2 x 2 contingency table, representing
frequency information about a sample of the schools’ graduates
(Table 4(a)). On the side of the table were labels: “bank tellers”,
“not bank tellers”, “active feminists”, and “not active feminists”.

It was suggested to the participants that they consider an
overall evaluation of each school. This received greater stress than
it had in Experiment 1, in order to encourage pattern-answers
rather than a response of “no preference” for participants in doubt.
Furthermore, it was explicitly stated that a hypothesis was sought
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Observed frequency and percentages and numbers of selected hypothesis found for different schools in Experiment 2a.

Conditions (a) Observed frequencies (b) Percentage and number of choosing a hypothesis to be
most probable
ANB ANA-B —AAB —A A —B A B AND ? n
‘Linda School’, High AND 20 10 10 10 17% 8 12%6 40% 19 31% 15 48
‘Maria School’, High A 20 20 10 10 68% 32 6% 3 0%0 26% 12 47
‘Sara School’, Low AND 2 1 1 1 14% 7 9% 4 13%6 64% 30 47
‘Nina School’, Low A 2 2 1 1 54% 26 6% 3 6% 3 33% 16 48

Note. In Table 4(b) the predicted cells are darkened.

Table 5

Observed frequency and percentages and numbers of selected hypothesis found for different schools in Study 2b.

Conditions (a) Observed frequencies (b) Percentage and number of choosing a hypothesis to be
most probable
AANB AN-—B —-AAB —A AN —B A B AND ? n
‘Linda School’, High AND 102 51 52 50 17% 8 17% 8 42% 20 25% 12 48
‘Maria School’, High A 102 100 50 52 67% 32 6% 3 15%7 13%6 48
‘Sara School’, Low AND 2 1 1 1 10% 5 6% 3 19% 9 65% 31 48
‘Nina School’, Low A 2 2 1 1 52% 25 4% 2 6% 3 38%8 48
Note. In Table 5(b) the predicted cells are darkened.
that would describe the situation most adequately. Participants x2(1,n = 95) = 1.93,p = 0.16). Finally, the analysis cor-

were informed that no hypothesis was strictly true. Based on
the observed sample, and answering intuitively, participants were
to place a checkmark next to “the hypothesis with the highest
probability”.

The four hypotheses read as follows: “Today the girls of the
Linda [Maria, etc.] school are generally [...]” (“Die Madchen in der
Linda Schule sind heute in der Regel”); (1) A: “bank tellers, whether
they are feminists or not”. (Bankangestellte, egal ob sie aktive
Feministinnen sind oder nicht”.); (2) B: “active in the feminist
movement, whether they are bank tellers or not”; (3) AND: “bank
tellers who are active feminists” (“Bankangestellte, die”); or (4)?
(the designation for “no preference”); that is, “with reference to
the data, no single hypothesis is really better supported than any
other”. There were no additional distractor hypotheses.

Results of Experiment 2a.

For the Linda-school, the AND-choice was selected more
than twice as often as the A- and B-choices respectively (58%,
not counting the “no preference” option). Notably, a relevant
portion of participants chose the supplementary “no preference”
option, presumably due to conflicting cues (some favoring pattern
probabilities; some, standard extensional probabilities). Regarding
presentation-order, the overall number of choices matching the
predictions remained almost constant (62% in the first position,
67 % in the second, with no significant difference (x2(1,n
190) = 0.75,p = 0.45)). Thus the data was collapsed over the
counterbalancing variable Presentation order.

Statistical analysis corroborated that the portion of AND-
choices — here always involving double CFs — was larger in the
High-AND-condition than in all other conditions, including Low-
AND (Linda vs. Sara, x?(1,n = 95) = 8.81,p < 0.01). Ad-
ditionally, the results confirmed that in the two low sample-size
conditions, the AND-selections were not significantly different
(Sara vs. Nina, exact Fisher test, p = 0.32). Interestingly, and as
a contrast, more A-selections were found in the Low-A-condition
than in the Low-AND-condition (Nina vs. Sara, x?(1,n = 95) =
16.16,p < 0.001). As expected, the portion of A-selections was
larger in the High-A-condition than in the High-AND-condition
(Maria vs. Linda, x%(1,n = 95) = 25.76,p < 0.001). Consis-
tent with the predictions, the portion of A-selections varied nei-
ther between AND-conditions (Linda vs. Sara, x2(1,n 95) =
0.06, p 0.81) nor between A-conditions (Maria vs. Nina,

roborated a smaller increase of “no preference”-selections in the
low sample-size conditions (relative to the high sample-size con-
ditions) for the A-condition (Maria vs. Nina, x%(1,n 95) =
0.70,p 0.40) than for the AND-conditions (Linda vs. Sara,
x%(1,n =95) = 10.11, p < 0.01).

6.2.2. Experiment 2b

Replication of differential sample-size effects in simultaneously
presented tasks.

The goal of Experiment 2b was to replicate the differential
sample-size effects found in Experiment 2a, while ruling out
possible objections. Experiment 2b resembled Experiment 2a, but
differed in four main respects: (1) The tasks (the two schools)
were presented simultaneously rather than successively, and on
a single page. (2) Different frequency patterns were used for the
high sample-size conditions (see Table 5(a)). In Experiment 2a
the corresponding high and low frequency conditions employed
identical probabilities. Since Pz (A) = Pg(B) held in the Low-AND-
condition, it needed to do so as well in the High-AND-condition.
In 2b, however, contingency-tables were used (with Pr(A) <
Pg(B)), precluding effects due to identical extensional probabilities.
(3) In Experiment 2b, the dominant cell frequency in the High-
A-condition corresponded to the AND-hypothesis, so that some
theories of the CF would predict AND-selections here as well.
(4) Finally, the sample size in the high frequency conditions was
five times that seen in Experiment 2a, but according to BL, this
should have no major effect. Thus the model’s outputs closely
corresponded to those depicted in Fig. 2, permitting the same
predictions in Experiment 2b as in Experiment 2a.

Method: participants, materials, and procedure.

Ninety-six students of the University of Géttingen voluntarily
participated in the experiment (cf. Experiment 1). Participants
were concerned with two schools, presented on a single page, and
told to choose in each case the hypothesis that was the “most
probable” and “closest to the truth”. Their focus was assessing
each school as a whole. A contingency table was provided, with
frequency information on a sample of students from each school
(see Table 5(a)). Participants were randomly assigned to serial
orders, as in Experiment 2a, and were to check off the most
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Table 6
Frequencies of observed cases in the different conditions of Experiment 3.
Sample sizes Schools AANB ANA-B —A A —B —A A —B Sum
Linda, AND 18 5 6 7 36
Small Maria, A 18 15 1 2 36
Johanna, B 13 5 11 7 36
Linda, AND 39 11 12 13 75
Medium Maria, A 39 31 2 3 75
Johanna, B 26 11 25 13 75
Linda, AND 49 14 16 17 96
Large Maria, A 49 40 3 4 96
Johanna, B 33 14 32 17 96

probable option for each school. The hypotheses were presented
along with a contingency table, formulated as in Experiment 2a.

Results.

Table 5(b) summarizes, by school, the number of participants
along with the percentage who chose either a particular “most
probable” hypothesis or the “no preference” option. For all of the
conditions, the mode of the participants’ selections matched the
BL predictions. Again, the task positions led to similar results for
each school type, but presenting a school in the second position
now significantly decreased the number of predicted answers
(x2(1,n = 192) = 10.08; p < 0.01). Nevertheless, the number
of CFs in the critical High-AND-conditions in the two serial orders
was identical.

Overall, the portion of AND-selections was significantly larger
in the High-AND-condition than in the High-A-condition (Linda vs.
Maria, x?(1,n = 96) = 8.71,p < 0.01), with 56% double CFs
in the High-AND-condition (without ‘no preference’ selections).
The portion of A-choices was larger in the High-A than in the High-
AND-condition (Linda vs. Maria, x2(1,n = 96) = 24.69,p <
0.001). With respect to the predicted differential sample-size effect,
the portion of AND-selections in the High-AND-condition was
reduced in the Low-AND-condition (Sara vs. Linda, x%(1,n =
96) = 5.98,p < 0.05); but, as predicted, the A-selections were
notsignificantly reduced in the Low-A condition (Nina vs. Maria,
x?(1,n = 96) = 2.12,p = 0.15). Finally, there were more
A-choices in Low-A than in Low-AND (Nina vs. Sara, x2(1,n =
96) = 19.39,p < 0.001), and more “no preference”-selections
in the Low-AND- than in the Low-A-condition (Sara vs. Nina,
x%(1,n = 96) = 7.04,p < 0.01).

6.2.3. Discussion of Experiments 2a and 2b

The results of the Experiments 2a and 2b corroborate the
differential sample-size effects predicted by BL, and they replicate
double-CF effects. As expected, similar results were obtained
when the data were presented either successively (Experiment
2a) or simultaneously (Experiment 2b). Additionally, different
frequencies were used. Finally, the mode of answers always
corresponded to the BL prediction, depending systematically on
frequency patterns as well as sample sizes.

The results were obtained despite the strict qualitative test con-
ditions normally expected to favor an extensional interpretation of
probability (e.g., Kahneman & Frederick, 2002, 2005). The possibil-
ity should be noted, however, that the relatively high number of
“no preference”-selections over all conditions may reflect the un-
certainty of task-interpretation (arguably due to conflicting cues).

Both studies’ results confirm differential sample-size effects,
resulting in a stronger impact of different sample sizes (albeit
same extensional probabilities) for the AND-condition than for the
A-condition. Other accounts of the CF cannot explain this finding
(see General Discussion). According to standard extensional
probability, there should be no double CFs and since these
probabilities remained identical (or almost) across varied sample-
sizes one cannot predict these effects by any measure making

direct use of extensional probabilities. Furthermore, the unbiased
estimator for extensional population probabilities remains the
same, independent of sample size. Even if probability were
interpreted in the sense of a statistical test, still referring to
extensional probabilities, the uncertainty would be high for both
low-frequency conditions, but with no differential effect.

6.3. Experiment 3: pattern sensitivity and rating scales

The goal of Experiment 3 is first and foremost to show whether
probability judgments are pattern-sensitive, as predicted by BL. A
second goal is to test that here varying sample sizes should have no
(or only a weak) effect (cf. Study 2a and 2b). Finally, Experiment
3 qualitatively tests whether double CFs and single CFs can be
obtained even if a rating format is added to the extensional cues.

(1) BL predicts internal and external pattern sensitivity. That
is, BL predicts different ratings for Pp(X) values, with extensional
probabilities — Pr(X) — remaining identical, due to changed
distributions within or outside of a set. In the tasks, participants
should provide probability ratings from samples of graduates,
again differing in frequency patterns and sample sizes (see Table 6,
cf. Fig. 3). External pattern sensitivity is tested in the Linda and
Maria schools, where the overall set sizes and Pg(A A B) — hence
f(A A B) — are held constant. Only the distribution — not the
overall portion — of disconfirmatory cases outside of set A A B
varied. Nevertheless, BL predicts that P»(A A B) should be higher
for the AND-pattern schools than for the respective A-pattern
schools. Internal pattern-sensitivity effects should be caused by
the distribution of cases within a set (here, “B”), again keeping the
number of confirmative and disconfirmative cases constant. For
the AND-pattern and B-pattern schools, Pg (B) is identical, although
for the latter Pp(B) is higher (cf. Fig. 3). Significantly, pattern
sensitivity has not been explicitly predicted by any other theory
of the CF.

(2) Previously it has been shown that the use of rating formats
instead of ranking formats substantially reduces the occurrence
of CFs (Erdfelder, Broder, & Brandt, 1998; Hertwig & Chase, 1998;
Hertwig & Gigerenzer, 1999; Sloman et al., 2003; Wedell & Moro,
2008). Even Hertwig and Gigerenzer (1999) attributed roughly half
the difference between single-case and frequency-conditions (cf.
Fiedler, 1988) to the use of a rating-format. Experiment 3 we use
natural frequencies, clear set inclusion, strict formulations and a
rating format. According to BL, however, even this combination of
extensional cues should be insufficient to suppress both CFs and
double CFs.

(3) Whereas Experiments 2a and 2b each confirmed differential
sample-size effects for rather low sample sizes, BL here predicts
no substantial influence from sample-sizes, since confidence in the
most probable hypothesis would increase only marginally with the
higher sizes.

Method.

One hundred and eight students from the University of
Gottingen participated in this experiment (cf. Experiment 1).
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(a) Results Experiment 3 ordered by schools
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Fig. 3. (a) Actual rankings (on a scale with 11 steps) and data-based model predictions of Bayesian logic (BL), extensional probability (EX), and averaging heuristic (AV) in
Study 3 for the three school types (Linda, Johanna, and Maria) and three sample sizes, and the three hypotheses. (b) Rankings and data-based model predictions of Bayesian
logic (BL), inverse probability (IP), and support (SU) in different schools, ordered by connectives (here averaged over sample sizes). Error bars indicate standard errors.

Participants were to offer probability estimations based on rating
scales for three schools (labeled Linda, Johanna and Maria). As in
the previous studies, the samples for each school were presented
in contingency tables (again, fulfilling the inequalities Pg(A A B) >
Pg(A A —B) and Pg(A A B) > Pg(—A A B)).

In this experiment, the schools were presented simultaneously.
Instead of selecting a hypothesis, however, participants were
to give three probability rankings for each school displaying
the hypotheses bank teller (A), feminist (B), and bank teller and
feminist (A & B). Table 6 lists the frequencies shown for each
school. Three sample sizes (N = 36, 75, 96) were used, with
analogous frequency patterns: Linda-school (AND-prediction),

Maria-school (A-prediction), and Johanna-school (B-prediction).
The three schools shown to the participants each always had
different sample sizes, in order to prevent direct comparisons.
This resulted in six possible combinations of schools (L, M, ]J) and
sample-sizes (S, M, L): LS-MM-]JL; LL-MS-]JM; LM-ML-]JM; LS-ML-
JM; LM-MS-JL; and LL-MM-JS (see Table 6). Hence each of the
nine schools was present in two configurations. Additionally, the
presentation order of the schools was counterbalanced (six orders,
resulting in 36 possible tasks). Equal numbers of participants were
assigned randomly to each task combination. Comparisons within
sample-sizes allowed for testing of external and internal pattern
sensitivity.
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The headline of the task read (in German): “Hypotheses
Concerning the Overall Evaluation of the Different Schools”.
Instructions began: “Please indicate, in the context of evaluating
the schools, for each school, which of the following hypotheses is
most probable”. To counterbalance the use of rating scales, which
could suggest standard extensional probability, it was explicitly
stated that the focus be on understanding of the whole situation
rather than on particular probabilities.

Participants were to provide three ratings for each of the
schools, on scales spanning eleven steps, with extremes labeled
“low” or “high” probability. It was decided not to use absolute
values, to preclude participants’ calculating probabilities (which
would have suggested a learned extensional meaning). Instead,
participants were asked to provide intuitive judgments.

The three hypotheses, read as follows. “Girls from the Linda
[Maria, etc.] school generally become ...” “H1: bank tellers,
regardless of whether they are feminists or not” (“..., egal ob sie
Feministinnen sind oder nicht”); “H2: active feminists, whether
they are bank tellers or not”; or “H3: bank tellers and at the same
time feminists” (“Bankangestellte und gleichzeitig Feministinnen”).

Finally, a hypothetical boss (recipient) was posited, who would
be notified of the “most probable” hypothesis chosen for each
school.

Results.

Fig. 3(a) and (b) show the results and the modeled predictions
of various theories of the CF. Fig. 3(a) shows the average probability
estimations (and mean errors) for each hypothesis for the different
schools and sample sizes. It is apparent that the sample sizes
(low, medium, and high) had no strong overall impact on the
data.® The figure also presents the predictions of BL (averaged
posterior odds, model Step 8). The use of relative judgments
is particularly plausible when using unnumbered rating scales.
Model-fits directly using the posteriors (Step 7) will also be
reported. The figure also presents the predictions of extensional
reasoning (EX).

For all approaches, a linear regression was performed between
the absolute predictions of the models and the empirical average
ratings, in order to calculate the data-based predictions that
provide a maximum likelihood estimate, given each model.
Only this linear “correction” accounts for scaling-effects (clearly
relevant for a scale without absolute values).

Fig. 3(a) shows a close fit between BL and the data. EX qual-
itatively never predicts double CFs. The proportion of systematic
variance explained by BL for an average school (partial system-
atic eta square, the squared correlation of the data with the model)
was 1? = 0.94, if one uses the posterior probabilities (Step 7), or
n? = 0.97, if one uses the log-odds (Step 8). Although the dif-
ference between these versions is not large, the results suggest
participants are sensitive to the ratios of pattern probabilities pre-
sented in the graphs, as otherwise it would be impossible to predict
the additional single CFs in the Maria- and Johanna-schools. With
this plausible auxiliary hypothesis, all effects followed the direc-
tion predicted by BL. The results clearly favored BL over EX, which

8 For our mixed factorial design we also conducted an analysis of variance
for the probability judgments with Hypotheses (A, B, A & B) and Schools (Linda,
Maria, Johanna) as within-subjects variables, and Sample size (six patterns as
between-subjects variables). The analysis yielded only one highly significant effect
for the predicted interaction of Hypotheses and Schools: F(4, 284) = 62.3,p <
0.0001, MSE = 5.7. No other two-way interaction became significant. A three-
way interaction, however, of Hypotheses, Schools, and Sample-size (F(20, 284) =
1.6, p < 0.05, MSE = 5.7) turned out to be significant as well, but further analysis
showed that this could be attributed to the Johanna school only. Moreover, the effect
size was small.

Table 7
Comparisons of probability-rankings between schools (t-tests for dependent
samples) in Study 3.

Comparison Diff. SE t? p
Linda-AND vs. Maria-AND 1.69 0.33 5.08 <0.001
Maria-B vs. Linda-B 1.12 0.31 351 <0.001

2 df = 106 or 107.

Table 8
Comparisons of different probability ratings of the same schools (t-tests for
dependent samples) in Study 3.

Comparison Diff. SE t? P
Linda-AND vs. Linda-A 1.08 0.32 3.31 <0.01
Linda-AND vs. Linda-B 1.26 0.35 3.60 <0.001
Linda-B vs. Linda-A —0.18 0.28 —0.64 0.517
Maria-A vs. Maria-AND 2.92 0.35 8.15 <0.001
Maria-AND vs. Maria-B 1.20 0.29 4.10 <0.001
Johanna-B vs. Johanna-AND 1.98 0.32 6.08 <0.001
Johanna-AND vs. Johanna-A 0.69 0.24 2.80 <0.01

2 df = 106 or 107.

had a much lower model fit (> = 0.05). (Note that Fig. 3 and par-
ticularly 3b include predictions of other CF models that will be dis-
cussed later in the article.?)

With regard to pattern-sensitivity, two comparisons (collapsing
the data over Sample size) are of particular interest. External
pattern sensitivity is indicated in Table 7, showing that Pemp (A A B)
was estimated to be significantly higher in the Linda- than in
the Maria-school, even though Pr(A A B) was held constant (see
Table 6). Likewise, with regard to internal pattern sensitivity, a
significant difference was found between Pemp (A) in the Linda- and
Johanna-conditions (Table 7).

In addition, within School types the comparisons of average
ratings were consistent with BL (Table 8). The results confirmed
double CFs in the Linda-school condition and single CFs in the
Maria- and Johanna-school conditions despite the rating-response
format.

Discussion of Experiment 3

The results of Experiment 3 confirm both external and internal
pattern sensitivity. Patterns of frequencies do matter, even if the
overall number of confirming or disconfirming frequencies is kept
constant. These results were obtained even though Experiment
3 used a strict formulation for the AND-hypothesis and various
other extensional cues (such as transparent tasks, full natural
frequencies, clear set inclusions, and, in particular, a rating-
response format). Most important, the results show pattern-
sensitivity effects involving CFs and double CFs as predicted by BL.

7. General discussion

Bayesian logic provides a novel formalization of the polysemous
term probability (Hertwig & Gigerenzer, 1999; Teigen, 1994)

9 BL and EX are most adequately modeled by comparing the predictions for
each hypothesis given a particular school (Fig. 3(a)). Correspondingly, the results
in Fig. 3(a) present for BL and EX (and AV, the averaging heuristic, with n> = 0.51)
the fitted (linear regression) probability ratings of the hypotheses for each school
type. In contrast, the theories of inverse probability (IP) and support (SUpjsr) require
comparisons of schools on a page, given a particular hypothesis (Fig. 3(b)), since
these theories focus on a comparison of observed cases (in different schools) given
a hypothesis. Fig. 3(b) provides a summary, averaging over sample sizes and the
two combinations in which each school type was shown. The average explained
systematic variance (accounting for school combinations) was > = 0.06 for IP,
n*> = 0.51 for AV, and n?> = 0.70 for SUp;. To provide a fair comparison, BL can
be analyzed on the level of each school combination (implying a lower n), yielding
n* = 0.86 (posteriors) or n> = 0.85 (posterior odds). Even with these measures
BL had a higher model fit than all other investigated models—notably, support was
the only other model to achieve a substantial model fit, but qualitatively does not
predict pattern-sensitivity effects.
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concerned with underlying noisy-logical explanations of observed
situations, predicting the occurrence of frequency-based CFs. The
reported studies corroborate novel predictions of BL, including
quantitative conditions of double CFs (Experiment 1), differential
sample-size effects (Experiments 2a and 2b), and pattern-
sensitivity effects (Experiment 3). Under the explored conditions,
probabilities are assessed in a way that is highly consistent with BL.

In the discussion it is argued that the previous qualitative
and quantitative theories of the CF do not offer a satisfactory
explanation for the findings presented here. Although these
theories concentrated on explaining single-event CFs, some of
them may account for frequency-based CFs as well. Finally the
relationship between BL and the representativeness heuristic is
discussed, with final comments on the rationality of BL and
domain-specific rational models in general.

7.1. Can previous theories of the CF explain the empirical findings?

7.1.1. Previous qualitative accounts of the CF

Previous findings in the CF-debate suggest that several cues
elicit an extensional understanding of the task (Barbey & Sloman,
2007; Kahneman & Frederick, 2002, 2005). This extensional
interpretation has mostly been regarded to be the only correct
one. Although the focus was not on the extensional cues (i.e.,
the qualitative conditions of CFs), the results show that even
simultaneous use even of all the cues can allow for large
proportions of double CFs.

Here CFs occurred without single-event narratives, using full
frequency information, clear set inclusion, transparent tasks,
within-subjects comparisons, clarified formulations, no distractor
hypotheses, and ranking formats. This novel finding goes beyond
some previous impressive documentations of CFs (e.g., Lagnado &
Shanks, 2002; Sloman et al., 2003; Tentori et al., 2004). When the
goal is to assess the probabilities of logical hypotheses in order to
provide an account of “the whole picture”, it appears that people
evaluate which of several noisy-logical hypotheses is most likely
to have produced exactly these data (in line with BL), even if all
extensional cues are in place. Although extensional cues may be
necessary for securing extensional reasoning, the results show that
they are not sufficient to elicit extensional answers.

(1) Frequency information and frequency questions. In previous
studies the proportion of CFs has often been substantially reduced
by using natural-frequency rather than single-event formats (e.g.,
Hertwig & Gigerenzer, 1999; Kahneman & Frederick, 2002; Reeves
& Lockhart, 1993; Tversky & Kahneman, 1983; by contrast, see
Sloman et al., 2003; Wedell & Moro, 2008). Fiedler (1988) was
the first to show in detail that frequency judgments involving
100 imaginary persons fitting the Linda description significantly
reduced the rate of CFs. Based on such findings, Gigerenzer (1991,
1994, 1996, 1998, 2000) eloquently argued, from a frequentist
perspective, that no fallacy was present, as long as CFs did not occur
with frequencies. The conjunction “fallacy” and other “frequency
illusions” would tend to disappear if presented in a natural-
frequency format (Cosmides & Tooby, 1996; Gigerenzer & Hoffrage,
1995, 2007; Sedlmeier & Gigerenzer, 2001; Zhu & Gigerenzer,
2006; cf. even Kahneman & Frederick, 2002, 2005).

In experiments reported here, by contrast, strong CF and
double-CF effects were found based on natural frequencies alone,
even if represented in contingency tables with information
concerning the conjunction itself. In past studies, CFs were
sometimes found in frequency tasks as well, using between-
subject designs (Kahneman & Tversky, 1996), complex tasks
(Lagnado & Shanks, 2002; Nilsson, 2008), or ranking tasks (Sloman
et al., 2003). Wedell and Moro (2008) even showed the occurrence
of CFs with frequency-response formats but did not provide
frequency information on the conjunction. The novel findings

obtained here show substantial proportions of double CFs with the
simultaneous use of full frequency information, transparent tasks,
and a rating-response format.

After accounting for plausible confounding variables (clear set
inclusions, ranking vs. rating, and so on), it appears necessary
to distinguish two aspects of frequency formats: (1) the use of
frequency information; and (2) the use of frequency questions (see
also Girotto & Gonzales, 2001).

Frequency questions, by definition, requests a dependent
variable that quantifies set-extensions. Hence such questions
should elicit extensional reasoning and deviations from this
remain fallacious (Tentori et al., 2004; Wedell & Moro, 2008).
Even BL — at least in its current formulation — does not provide
a measure of “the number of cases coherent with a pattern”. In
the case of frequency questions, therefore, there should only be
CFs when using few extensional formats and many cues triggering
pattern probabilities (e.g., emphasizing the overall situation).

Frequency information can cue an extensional task interpre-
tation (see Hertwig & Gigerenzer, 1999, Study 4) either by
directly eliciting mathematical-extensional thinking or by empha-
sizing a nested-set relation (e.g., Hoffrage, Gigerenzer, Krauss &
Martignon, 2002; Sloman & Over, 2003). In contrast to a frequen-
tist interpretation, BL holds that CFs are not limited to single-event
tasks; rather, they should occur with frequency information as
well, as long as enough cues are present to elicit an “intensional”
pattern understanding of the task. The obtained results corroborate
this BL-prediction.

(2) Set inclusion. The salience of the nested-set relation between
a conjunction and its conjuncts appears to be another important
cue facilitating an extensional solution (Agnoli & Krantz, 1989;
Neace et al., 2008; Sloman & Over, 2003; Sloman et al., 2003; cf.
Barbey & Sloman, 2007; Evans et al., 2000; Johnson-Laird et al.,
1999; Over, 2004). Admittedly, clear nested-set relations may
in fact prevent CFs based on a misunderstanding of sets. Such
misunderstandings are problematic for pattern probabilities as
well. The reported studies show, however, that clear nested sets
need to be supplemented by an extensional use of a given nested-
setrelation. Here strong double-CF effects have been found, despite
the use of transparent nested-set relations.

(3) Linguistic factors. Subtle linguistic and pragmatic aspects
of the task may exculpate participants from having committed
CFs. In ordinary language, understanding of an affirmation “A”
(e.g. active feminist) and a conjunction “A and B” (active feminist
and bank teller) may differ from ideal logical usage (Hilton, 1995;
Messer & Griggs, 1993; cf. Grice, 1975). That is, the affirmation
may be understood as A A not-B (Agnoli & Krantz, 1989; Messer
& Griggs, 1993; Morier & Borgida, 1984; Tentori et al., 2004), and
the conjunction as A V B, B|A, or A — B (Hertwig et al., 2008;
Mellers et al., 2001). Hence clarified formulations were used, such
as “A, whether B or non-B” and “A, and at the same time B".
Experiment 1 additionally controlled for misunderstandings. In
sum, although some CFs may previously have been due to linguistic
misunderstandings, the systematic findings obtained here cannot
be explained in this way.

(4) Rating, ranking, or selection. It is well-documented that a
ranking-response format leads to more CFs than a rating-response
format (Erdfelder et al., 1998; Hertwig & Chase, 1998; Neace
et al.,, 2008; Sloman & Over, 2003; Sloman et al., 2003; Tversky &
Kahneman, 1983, Exp. 4; Wedell & Moro, 2008; see also Hertwig
& Gigerenzer, 1999). Only in relatively intransparent tasks was it
found that rating formats did not substantially reduce the rate of
CFs (Lagnado & Shanks, 2002). The current results show that a
rating-response format is insufficient to eliminate the tendency to
commit CFs, even in transparent tasks, if participant’s basic aim is
to characterize an overall situation (see Experiment 3).

In sum, the experiments used several extensional cues simulta-
neously, but nonetheless yielded the systematic occurrence of CFs
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and double CFs. Traditionally discussed extensional cues may be
necessary to secure correct extensional reasoning, but the novel
results show that they are by no means sufficient to elicit exten-
sional reasoning, even if all are used simultaneously.

7.1.2. Quantitative theories of the CF

Some quantitative theories of the CF may appear applicable
to the reported frequency-based tasks as well. Although previ-
ous quantitative accounts can explain some results, none can ex-
plain the overall evidence—quantitative conditions of double CF
(Experiment 1), differential sample-size effects (Experiments 2a
and 2b), and the effects of internal and external pattern-sensitivity
(Experiment 3).

(1) Tversky and Koehler's (1994) support theory (which differs
from subsequent theories of “support” or “confirmation”) concerns
an unpacking process for varying numbers of subclasses. Since
context stories and hypotheses were kept identical here, the theory
would predict an equal number of CFs for all situations and cannot
explain the CF-patterns found (cf. Crupi et al., 2008).

(2) Inverse probability. An influential explanation of traditional
Linda-tasks posits that people may confuse posterior probabilities
(such as P(A A B|L)) with inverse probabilities (P(L|IA A B))
(Bar-Hillel, 1991; Fisk, 1996; Fisk & Slattery, 2005; Hertwig &
Chase, 1998; Shafir, Smith, & Osherson, 1990; Wolford, 1991;
Wolford, Taylor, & Beck, 1990). In principle, this might account for
frequency-based CFs as well. With regard to the reported findings,
however, there are three problems with this extensional approach.
First, it cannot explain the double CFs found in Study 1. For in
order to explain traditional Linda-tasks it has been assumed that
the conjunctive subset “bank teller and feminist” is improbable
at the outset; but if this is assumed, one would have to predict
double CFs in all conditions, which is contrary to our findings. If,
alternatively, the predictions were based on the observed cases
(in the other schools), the contrastive character of this measure
suggested effects based on presentation-order (which was not
confirmed either). Second, the approach cannot explain differential
sample-size effects (Studies 2a and 2b), since it takes probabilities
as inputs rather than samples. Third, it cannot account for pattern-
sensitivity effects (Study 3). It should be noted, finally, that inverse
pattern probability might provide a related explanatory candidate.

(3) The averaging theory of CFs (Fantino, Kulik, Stolarz-Fantino,
& Wright, 1997) posits that people may (falsely) average P(A)
and P(B) to arrive at an estimate for P(A A B), sometimes
resulting in CFs (Wedell & Moro, 2008; see in contrast Thiiring &
Jungermann, 1990). In contexts with no transparent information
on the conjunction, some combination rule is needed in order
to estimate this probability (Gavanski & Roskos-Ewoldsen, 1991;
Nilsson, 2008; Waldmann, 2007). But it does not appear reasonable
to apply averaging to the transparent frequency-table tasks
investigated here, with direct evidence on the conjunction.
Moreover, averaging would explain neither double CFs nor sample-
size effects. Alternatively, one might propose a averaging heuristic,
interpreting P(A) as the average probability of its composing
subsets (e.g., Pay (A) = (P(AAB)+Pr(AA—B))/2).Such an account
could predict double CFs but would have predicted them falsely
when Pg(—A AB) < Pg(AA—B) > Pg(A A —B) (i.e., in almost all of
our studies, cf. Experiment 3). The theory of signed summation by
Yates and Carlson (1986) would lead to similar predictions.

(4) Rescaling. The recently proposed theory of rescaling
(Costello, 2005) modifies standard inductive logic (using standard
conjunctive functions such as the product rule) by using a “prob-
ability” scale that goes beyond 1. Rescaling could explain some of
the reported findings because it can explain CFs and can account in
principle for double CFs. Nonetheless, any plausible setting of pa-
rameters in Experiment 1 necessitates the prediction that double

CFs will dominate either in all pattern types or in none. Addition-
ally, rescaling — taking probabilities as inputs — cannot account for
differential sample-size effects (Experiments 2a and 2b).

(5) Support or confirmation. The increase of extensional proba-
bility is another interesting candidate for explaining traditional CFs
(Bonini, Tentori, & Osherson, 2004; Lagnado & Shanks, 2002; Sides
et al., 2002). This assumes that subjects would substitute the tar-
get probability measure — Pg(B A F|D) — by a support measure
(such as Pe(B A F|D) — Pg(B AF) (SUpj¢) or PE(B AF|D)/Pg(B AF)).
Although it appears that adherents of this theory have not system-
atically investigated double CFs, support can explain them as well.
Nevertheless, support cannot explain the quantitative conditions
under which double CFs were found in Experiment 1. If predictions
were derived based on the observed data, an effect of the differ-
ent presentation orders would presumably have to be predicted.
This (false) prediction can only be ruled out if in each task equal
starting probabilities for all cells — Pz(A A B), Pg(A A not-B) etc.
— are assumed, which came close to abandoning the core of the
theory, concerned with differences of probabilities rather than ab-
solute values. In any event, this would make the false prediction of
double CFs for all pattern types. Moreover, support cannot explain
the differential sample-size effects in Experiments 2a and 2b; and
despite the second-best model fit in Experiment 3, it did not pre-
dict the pattern-sensitivity effects found. It is implausible that any
of the measures of support (see Crupi et al., 2008) can mimic the
predictions of BL corroborated here.

In summary, no other major theory of the CF can explain the
qualitative and quantitative results obtained here. Although it
is widely assumed that CFs constitute a homogeneous class of
phenomena, several classes of CFs may in fact exist. The purpose of
this paper has not been to rule out the existence of other classes of
CFs, but to show that there is a particular class of frequency-based
CFs that cannot be explained by traditional theories of the CF. It has
been argued that this class may facilitate efficient communication
about noisy-logical relations in an uncertain world.

7.1.3. Bayesian logic: a formalization of “representativeness” or an
alternative rational model?

The representativeness heuristic was the first explanation for
traditional CFs (Kahneman & Frederick, 2002, 2005; Kahneman
& Tversky, 1973, 1972; Tversky & Kahneman, 1983, 1982). It
should be asked, then, whether Bayesian logic is a more precise
formalization of representativeness, or whether it differs from both
concepts (i.e., extensional probability and representativeness).

Gigerenzer (1996, p. 592) has criticized the “one-word expla-
nation” of representativeness for being “vague, undefined, and un-
specified” (see also Gigerenzer, 1998; Nilsson, Juslin, & Olsson,
2008; Wolford, 1991). The representativeness heuristic has also
been called empirically inadequate (Gavanski & Roskos-Ewoldsen,
1991; Gigerenzer, 1996; Nilsson, 2008; Nilsson et al., 2008). Kah-
neman and Frederick (2002, p. 73) and cf. Kahneman and Freder-
ick (2005) defined their account of representativeness by clearly
distinguishing two sub-processes: “(1) a prototype (a representa-
tive exemplar) is used to represent categories (e.g., bank teller) in
the prediction task [Linda-task]; [and] (2) the probability that the
individual belongs to a category is judged by the degree to which
the individual resembles (is representative of) the category stereo-
type”. Their specification, however, does not provide a full math-
ematical model; moreover, Tversky and Kahneman (1983, p. 417)
claimed that representativeness could not be computed as a for-
mal function (such as product, sum, or weighted average of the
scale values of its constituents). BL seems to provide a more precise
formulation, at least with regard to frequency-based noisy-logical
assessment of overall situations. Moreover, BL seems to possess
traits reminiscent of representativeness, since pattern probabili-
ties may be interpreted as a kind of similarity measure (although
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differing from standard measures, as in Tversky, 1977). Further-
more, BL distinguishes between an extensional deliberate use and
an intensional intuitive use, referring to pattern probabilities (De
Neys, 2006; Kahneman & Frederick, 2002, 2005; Moutier & Houdé,
2003; Sloman & Over, 2003; cf. Osman, 2004). In these regards, BL
seems to provide a mathematical specification of representative-
ness.

BL does clearly differ, however, in spirit, formalization and pre-
dictions, from the definition of representativeness by Kahneman
and Frederick (2002, 2005). First, BL supposes that there is a ra-
tional class of CFs based on pattern probabilities of noisy-logical
relations. In contrast, it has been essential to the idea of repre-
sentativeness that it describes an irrational deviation from ratio-
nal behavior (Kahneman & Frederick, 2002; Kahneman & Tversky,
1996; Tversky & Kahneman, 1983). Second, Kahneman and Fred-
erick (2002, 2005) have argued that CFs should be strongly re-
duced under qualitative conditions, including clear set inclusions,
within-subjects designs, and frequency information. Nor could this
heuristic explain the quantitative conditions of the double CFs
(Experiment 1). Since representativeness has mainly been con-
cerned with qualitative tasks and single CFs, it is not clear how
their account can apply to quantitative variations. Furthermore,
Kahneman and Frederick have not allowed for conjunctive proto-
types. It should be said, however, that representativeness might be
extended, treating conjunctions as prototypic, if the conjunc-
tion represents the most frequent subclass. Yet even then, rep-
resentativeness would predict double CFs when they were not
obtained. Moreover, representativeness explains neither differ-
ential sample-size effects (Experiments 2a and 2b) nor the
pattern-sensitivity effects (Experiment 3).

In conclusion, representativeness is either under-determined
or unable to account for our results. Despite the similarities
mentioned, BL makes different predictions and shows that CFs
need not be fallacies at all, even if one is concerned with
frequencies.

7.2. Is BL a rational model?

Whereas BL formalizes subjective pattern probabilities of
logical connectives — Pp(A o; B|D) — by integrating over possible
noise levels, extensional probabilities — Pg(Ao;B|D) — are
concerned with relative sizes of particular subsets only. BL,
like several other theories of the CF, replaces the standard
target measure of extensional probability estimations by another
measure. In contrast to previous substitutions, however, BL is still
concerned with probabilities of logical connectives, given the data.
Thus, if subjects assess only P(A o, B|D), it is not inappropriate
to apply pattern probability simply because experimenters apply
another measure. If one is concerned with assessing an overall
situation, BL provides a rational model of probability-judgment
for noisy-logical relations; at least it is the most rational model
currently at hand. BL hence allows for what one may paradoxically
refer to as “rational CFs”.

BL is concerned with logically nested sets and only applies
if corresponding misunderstandings are ruled out. For instance,
“A A B” is understood to be nested in “A” (cf. Hertwig et al., 2008;
Mellers et al., 2001). Nevertheless, logical pattern probabilities
do violate the equation Pp(A A B|D) + Pp(A A non-B|D) =
Pp(A|D). Since the logical hypotheses are treated as alternatives,
however, it appears that, in a different sense, noisy connectives
are not nested. BL subscribes to additivity at the different level of
alternative hypotheses. Within this framework, it should therefore
be impossible to construct a Dutch-book argument against the use
of pattern probabilities of noisy-logical relationships.

7.3. The rationality debate and domain-specific normative models

The confirmation of BL sheds light on the general rationality
debate in psychology, particularly between Gigerenzer and
colleagues on the one hand, and Kahneman, Tversky and colleagues
on the other. Although it criticizes Gigerenzer’s frequentist
approach, the mathematical formulation of inductive Bayesian
logic was actually partly inspired by his quest to counter content-
blind application of narrow domain-general norms and vague
heuristics (Gigerenzer, 1991, 1996, 1998, 2000).

Nevertheless, the advocated approach asserts that Kahneman
and Tversky (1996), see also Kahneman and Frederick (2005),
with many others, before and after, were right to oppose
“normative agnosticism”. Yet content-blind universalism must be
supplemented by content-sensitive “local” norms of rationality.
BL is a domain-specific account, applicable conditional on the
satisfaction of the model's preconditions in the actual world
(“conditional normativity”).

Even if most model assumptions appear necessary, some might
need to be modified in the future. The significant distinction of
normative versus descriptive sides of reasoning — historically
related to what has been called rational vs. empirical psychology
— does not imply we need to claim omniscience regarding the
applicability of a particular norm. Not only empirical knowledge
but also knowledge about norms of rationality have undergone
refinement in the past, and they will be refined in the future.
Moreover, the dichotomy of normative and descriptive accounts
need not imply an eternally unbridgeable abyss. Rather than being
necessarily attributed to biased reasoning, a mismatch between
a normative theory and actual reasoning-behavior may suggest
that the normative model was inappropriate in the first place
(see Chater & Oaksford, 2000). Finally, although explanations
at the computational level, such as BL, are important, they do
not preclude the investigation of simpler heuristics that may
approximate the results of such rational models.

In conclusion, the advocated proposal pursues a third way
between upholding the Enlightenment vision of universal norms
of rationality, which in psychology led to an emphasis on
the fallacious character of human thought (e.g., Kahneman and
Tversky), and an evolutionary approach, postulating domain-
specific adaptations to specific environments (e.g., Gigerenzer).
Here an attempt has been made to forge ahead on this third way of
domain-specific yet rational norms of thought.
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Overall Situation at the Linda School

You are interested in an overall evaluation of this schooland its graduates. Do the graduates of this
school generally becomebank tellers, feministorboth at the same time? You are concerned with
differenthypotheses concemning the occurrence of these properties and how these properties are related
at this school. In the given situations none ofthe hypotheses is 100% correct. It is yourtask, to tick
the hypothesis that—based on the given sample—appearsto hold at least most probable in this situation.

We are interested in yourintuitive judgment.

Foreach school please tick only one
propositionthatappears mostprobable to

you. Only this information willbe transferred

to yourboss.

Sample ofgraduate of the Linda School

The graduates of the Linda School generally
becomebank tellers and at the same time
feminists.

O The graduates of the Linda School generally
becomebank tellers and at the same time
no feminists.

O The graduates of the Linda School generally
becomeno bank tellers and at the same time
feminists.

O The graduates of the Linda School generally
become no bank tellers and at the same time no
feminists.

O The graduates of the Linda School generally
becomebank tellers.

Feminist No
feminist
Bank teller

Bank teller & Bank teller &
feminist no feminist

48 6

No No
No bank teller bank teller

bankteller & &
feminist no feminist

2 4

Mosttestconditions are easy. We are
interested in yourintuitive judgment.

O The graduates of the Linda School generally
become no bank tellers.

O The graduates of the Linda School generally
becomefeminists.

O The graduates of the Linda School generally
become no feminists.

Fig. 4. Instruction of a frequency-based probability judgment task in Experiment 1 (translated).

Appendix B. Log-linear analysis of Experiment 1

A parsimonious way to test whether rotation and presentation-
positions had an impact on the results is to use log-linear
analysis, simply treating the data as independent observations.
Note, however, that this only accounts for a task’s position,
ignoring which particular test preceded which task. Such within-
group comparisons are common, although they may limit the
interpretability (Kennedy, 1992). Nonetheless, the analysis is
interesting and permissible. In fact, only a small portion of
comparisons is based on within-subject data, and each data-point
was directly preceded by all other different patterns equally often.
To increase the number of expected cases in each cell, we reduced
the overall table, using only as factors Pattern types (Types 1 and 2
vs. Types 3 and 4) x Rotations x Positions (Positions 1 and 2 vs. 3
and 4) x Possible answers (B & F vs. Bvs. Rest). BL predicts that one
exclusive interaction between Pattern-type and Answers should fit
the data. Our analysis tested for the highest-order interaction term
needed in the model, including all hierarchically lower effects,
and yielded that neither 3-way nor 4-way terms are needed; only
the 2-way interaction became significant (k = 2 with Pearson’s
x? = 31.26,df = 17,p = 0.01; k = 3 with x?> = 15.64, df =
17,p = 054; and k = 4 with x> = 5.47,df = 6,p =
0.48). The automatic model-fitting (with delta = 0.5) yielded only
the predicted second-order term (Pattern-type x Answers), which
fitted the data without significant deviation (x? = 28.60,df =
42, p = 0.94).

Although log-linear models are robust against moderate
violations of the necessary number of expected cases (here 33%
instead of 20% had under five cases, but there was only one
zero cell), a further analysis was run, enlarging n per cell by
distinguishing only two types of rotations. The results again
yielded only the predicted second-order term (Pattern-type x*
Answers), which again fit the data well (x? = 12.12,df = 18,
p = 0.84).
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